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Abstract 



M-theory is well-known but not well-understood. It arises as an umbrella theory that uniRes the 
various perturbative string theories into a single nonperturbative theory. In its strong coupling 
phase M-theory does not possess string states but rather M2-branes and M5-branes. The purpose 
of this thesis is to explore the properties of multiple coincident M2- and M5-branes. It is based on 
the author's papers [1, 2] (in collaboration with Neil Lambert), [3] (in collaboration with Imtak 
Jeon and Neil Lambert) and [4]. 

We begin with a review of the construction of three-dimensional M = 8 and Af ~ 6 super- 
symmetric Chern-Simons-matter theories. These include the BLG and ABJM models of multiple 
M2-branes and our focus will be on their formulation in terms of 3-algebras. 

We then examine the coupling of multiple M2-branes to the background 3-form and 6-form 
gauge fields of eleven- dimensional supergravity. In particular we show in detail how a natural 
generalisation of the Myers flux-terms, along with the resulting curvature of the background metric, 
leads to mass terms in the effective field theory. 

Working to lowest nontrivial order in fermions, we demonstrate the supersymmetric invariance 
of the four-derivative order corrected Lagrangian of the Euclidean BLG theory and determine the 
theory's higher derivative corrected supersymmetry transformations. The supersymmetry algebra 
is also shown to close on the scalar and gauge fields. 

We also consider periodic arrays of M2-branes in the ABJM model in the spirit of a circle 
compactiRcation to D2-branes in type IIA string theory The result is a curious formulation of 
three-dimensional maximally supersymmetric Yang-Mills theory. Upon further T-duality on a 
transverse torus we obtain a non-manifest-Lorentz-invariant description of five- dimensional maxi- 
mally supersymmetric Yang-Mills which can be viewed as an M-theory description of M5-branes 
on T^. 

After reviewing work to describe multiple M5-branes using 3-algebras we show how the re- 
sulting novel system of equations reduces to one- dimensional motion on instanton moduli space. 
Quantisation leads to the previous light-cone proposal of the (2,0) theory, generalised to include a 
potential that arises on the Coulomb branch as well as couplings to background gauge and self-dual 
2-form fields. 
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1 Introduction 



The search for a unified theory of quantum gravity has lead to the development of string theory. 
Here the point particles of the familiar four-dimensional world are replaced by one-dimensional 
vibrating strings. For a consistent, anomaly free, theory of supersymmetric strings one must make 
the conceptual leap to a world which is ten-dimensional. Once this leap has been made it is a 
simple matter to accept the possibility of even higher dimensional spacetime and the extended 
string-like objects known as branes. We now know of the existence of five string theories each with 
its own idiosyncrasies. It is astonishing that these seemingly disparate string theories are actually 
all interconnected via dualities. 

Branes have become an essential part of string theory. The Dirichlet boundary conditions 
imposed on open strings imply that the string end points are fixed to a D-brane embedded in 
the ten-dimensional spacetime. The open strings ending on D-branes carry U{1) charges. When 
N parallel D-branes become coincident the open strings stretching between them become light 
and the U{1)^ symmetry is enhanced to U{N). At low energy the dynamics of N Dp-branes 
is described by a non-Abelian gauge theory which is simply the dimensional reduction of ten- 
dimensional supersymmetric U (N) Yang-Mills to p -|- 1 dimensions [5] . 

String interactions are described by an infinite perturbative expansion in the string self-coupling 
parameter . That this expansion is UV finite is a great success and one of the main reasons for the 
adoption of string theory. A priori, there is no need for gs to be small and therefore because g^ could 
be large, the perturbative expansion cannot tell us everything about string theory. The masses of 
D-branes are proportional to 1/gs so that in the perturbative regime where the string coupling is 
small, the D-branes are energetically unfavourable and they can be neglected. Alternatively, as gs 
is increased the perturbative string expansion becomes less well behaved but the D-branes are now 
light and their effects dominate. Therefore the properties of D-branes give us an understanding 
of string theory beyond its perturbative expansion. The discovery of D-branes has revolutionised 
string theory, allowing for a refined understanding of how non-Abelian gauge theories may be 
incorporated into it and other important advances such as the AdS/CFT conjecture [6]. 

Another way to explore the string theories is to examine their low energy limits which are the 
ten-dimensional supergravity theories. Here, only the massless fields in the string spectrum are 
considered and the theories are not UV finite. In this way we can think of the string theories as 
being the UV completion of the appropriate ten-dimensional supergravity. There also exists a su- 
pergravity theory in eleven dimensions [7]. Under a small set of assumptions, this theory is unique 
and in keeping with other non-topological gravity theories it has UV divergences. Just as the 
various ten-dimensional supergravity theories are the low energy limits of the UV complete string 
theories, eleven-dimensional supergravity is the low energy limit of an eleven-dimensional UV com- 
plete theory dubbed M-theory. Beyond eleven dimensions there are no interacting supersymmetric 
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theories without including unwanted massless fields of spin greater than two [8]. We now consider 
M-theory to be the unique umbrella theory that unifies the various perturbative string theories 
[9] but its specific formulation is not well understood. Of particular relevance to this thesis is the 
connection between type IIA string theory and M-theory. Quite simply, the value of the string 
coupling constant in type IIA string theory is given by the radius of an additional circular spatial 
dimension 

Rii=ls9., (1.1) 

where Ig is the string length. In the infinite coupling limit this M-thcory circle decompactifies into 
a genuine non-compact dimension which is indistinguishable from all the others. As gs was the only 
coupling parameter in type IIA string theory it implies that M-theory does not have a continuous 
coupling parameter. Hence it is necessarily strongly coupled and nonperturbative. 

Despite being strongly coupled, we may still learn some of the features of M-theory from its 
low energy limit because of supersymmetry. The superalgebra associated with eleven-dimensional 
supergravity is 

{QaiQ/s} — C~^)afiPM + -^^ {^'^'^ C~'^)apZMN + -^^ {^^^ C~^) afiZ M NOPQ , (1-2) 

where we have chosen the Majorana representation for which C — Tq. The right hand side of 
Eq. (1.2) exhausts the possible central charges that my be added. There are two ways of seeing this. 
Firstly, the left hand side is symmetric in the a, f3 spinor indices and on the right hand side, F^^C^^, 
YMN(j-i g^j^^ pA/AroPQ(^-i g^j.g ^]^g Qj^jy matrices with the same property.^ Secondly, the number 
of independent charge components on each side matches: 528 from the anti-commutator of the 
32 X 32 Majorana supercharges and 528 = 11-1-55 + 462 from the eleven-dimensional vector, 2-form 
and 5-form. From the superalgebra in Eq. (1.2) we can identify the objects which exist in eleven- 
dimensional supergravity. For example, the spatial components of the 2-form and 5-form central 
charges are associated with three-dimensional and six-dimensional hypersurfaces respectively. The 
existence of these branes can also be deduced from the presence of the background 3-form in the 
field content of eleven-dimensional supergravity. These branes are examples of an important class 
of states called BPS states. To see how these states are important we can take Pm — {E, 0, . . . , 0), 
where the energy E is the product of the brane's tension Tg and its spatial volume. The central 
charge Zmi - -m, is the product of the brane's charge Qq and its spatial volume. The left hand side 
of the supersymmetry algebra is positive definite and consequently from Eq. (1.2) can be deduced 
a relationship of the form 

Tq > \Qq\ . (1.3) 

-^Thc matrix y^mnopQRq—i jg g^jg^ symmetric but in eleven dimensions it is dual to I'l^J ^OPQ q—i ^ 



7 



BPS states saturate this bound i.e. 

T, - m ■ (1.4) 

The maximahy supersymmetric 2- and 5-brane of eleven-dimensional supergravity are BPS states 
and so are D-branes in string theory. The critical feature of BPS states is that generically the 
relation in Eq. (1.4) is not altered by quantum effects. Hence we may make claims about BPS 
states in a low energy effective theory and these claims almost always hold true at strong coupling. 
This argument shows us that the 2- and 5-brane in eleven-dimensional supergravity also exist in 
M-theory. These are the M2-brane and the M5-brane, collectively known as M-branes, and it is 
hoped that a thorough understanding of their properties and dynamics will illuminate M-theory 
beyond its eleven-dimensional supergravity approximation.^ The eleven-dimensional superalgebra 
in Eq. (1.2) also allows for M2- and M5-brane intersections and shows, perhaps surprisingly, that 
M-theory does not contain strings. 

As both M-branes and type IIA D-branes are BPS objects we can make precise statements about 
the relation between them [fO]. If the M-theory circle is transverse to the M2-brane worldvolume 
then in the low energy limit, Rn — > 0, it becomes a D2-brane. An M5-brane whose worldvolume 
wraps around the M-theory circle becomes a D4-brane in type IIA string theory. We can therefore 
use D2- and D4-branes as a guide to M-brane physics by uplifting to eleven dimensions. 

A single instance of either type of M-brane is fairly well understood, both from the worldvol- 
ume action perspective and their behaviour as charged blackhole solutions of supergravity. We can 
then imagine N parallel M2- or M5-branes becoming coincident and interacting. The supergrav- 
ity description of these systems is again straightforward because they behave as single M-brane 
blackhole solutions but with N units of charge. The worldvolume perspective is easy to state: 
the worldvolume field theory on N M2- or M5-branes is the strong coupling limit of three- or 
five-dimensional supersymmetric U{N) Yang-Mills respectively. The lack of a continuous coupling 
parameter in M-theory implies these strong coupling limits are confornial fixed points of the three- 
and five-dimensional theories. Whilst it is a simple matter to claim what the worldvolume M-brane 
theories should be, finding an explicit mathematical description of them is not straightforward and 
in the case of multiple M5-branes remains elusive. 

The blackhole entropy of N M2- or M5-branes may be calculated in supergravity and the 
results show that it scales like TV-^/^ and N"^ respectively. The analogous calculation for D-branes 
yields N'^ which are the U{N) matrix degrees of freedom arising from the open string end points. 
The M-brane scalings are unusual although in the case of the M2-branes it could in principle be 
understood as arising from an N x N matrix with constraints removing some degrees of freedom. 
The M5-brane scaling is particularly perplexing as additional degrees of freedom are gained going 
to strong coupling. Recently there has been work which claims to see the scaling from fivc- 

^Other components of the central charges give the Kaluza-Klein monopole and M9-brane, whereas the momentum 
leads to the M-wave. In this thesis we will focus exclusively on the M2- and M5-brane. 
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dimensional supersymmetric Yang-Mills. Uplifting the open string ending on a D-brane system to 
eleven dimensions suggests that the degrees of freedom of M-theory may be explained by looking 
at the M2-brane ending on an M5-brane. 

By considering a configuration in which multiple coincident Dl-branes end on a D3-brane in 
type IIB string theory and lifting to eleven dimensions, Basu and Harvey [11] were able to propose 
a BPS equation for multiple M2-branes ending on an M5-brane. In a paper motivated by this work, 
Bagger and Lambert [12] constructed non-gauged supersymmetry transformations from which the 
Basu-Harvey BPS equation can be derived but which also indicated the presence of a novel gauge 
symmetry. In a follow-up paper [13] they successfully incorporated gauge fields and demonstrated 
that the supersymmetry transformations closed provided the fields satisfied certain equations of 
motion."* These field equations were then used to deduce a candidate Lagrangian for multiple 
M2-branes, the striking feature of which was the appearance of an algebraic structure christened 
a 3-algebra. The discovery of this three-dimensional, interacting, non-Yang-Mills type Lagrangian 
prompted a cascade of research. Bagger and Lambert's pioneering work has now largely been 
superseded by the ABJM/ABJ [16, 17] model of multiple M2-branes. The usual description of 
ABJM/ABJ is as a bifundamental Chern-Simons-matter theory but there is also a formulation in 
terms of 3-algebras [18]. 

The remainder of this thesis is as follows: in chapter 2 we review the construction of theories 
of multiple M2-branes and some of their properties. In chapter 3 we determine the coupling of 
multiple M2-branes to the background 3- form field, as reported in [1]. In chapter 4 we determine 
the four-derivative order corrections to the Bagger- Lambert Lagrangian and supersymmetry trans- 
formations, as reported in [4]. In chapter 5 we consider a different way to compactify multiple 
M2-branes on a circle to multiple D2-branes, as reported in [3]. In chapter 6 we review the proper- 
ties of M5-branes and an attempt to describe their dynamics with a non-Abelian representation of 
the (2, 0) tensor multiplet constructed using 3-algebras. In chapter 7 we determine the solutions to 
the 3-algebra (2,0) equations of motion for the case of a null vacuum expectation value assigned to 
the auxiliary field and find they give one-dimensional quantum mechanics on the instanton moduli 
space as reported in [2] . Finally, in chapter 8 we offer some concluding remarks and an outlook for 
further work. Also included are appendices which provide further details of the higher derivative 
calculations featured in the main body of this work. 



•^Independently, Gustavsson [14] also suggested a set of multiple M2-brane supersymmetry transformations using 
an algebraic structure seemingly different to Bagger and Lambert's. However, the two proposals were shown to be 
equivalent in [15]. 
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2 Multiple M2-branes and 3-algebras 



In this chapter we will review the construction of models of coincident multiple M2-branes. The 
subject has enjoyed remarkable attention in the last five years and because of this we will only be 
able to provide a small glimpse of the progress that has been made. A thorough review of multiple 
M2-branes can be found in [19]. The rest of this chapter is as follows. In section 2.1 we will look at 
the 3-algebra construction of the Bagger-Lambert-Gustavsson (BLG) model closely following the 
presentation in [12, 13, 15] (the supersymmetry algebra was independently shown to close in [14]). 
We will also mention the interpretation of the BLG model given by the moduli space of the theory 
and the 'novel Higgs mechanism'. We also briefly discuss a wider class of non- Euclidean 3-algebra 
BLG theories and their drawbacks. In section 2.2 we will discuss the ABJM model [16] and its 
formulation in terms in complex 3-algebras [18]. 

2.1 BLG and Real 3-algebras 

The field content of a theory describing multiple M2-branes should possess eight scalar fields, 
parametrising directions transverse to the worldvolume, as well as their fermionic superpartners 
which correspond to broken supersymmetries. The presence of one or more branes breaks the 
Poincare symmetry from 5*0(1, 10) to 50(1,2) x 50(8) with 5*0(8) being the R-symmetry which 
acts on the fields. The M2-branes also preserve/ break one- half of the background supersymmetry. 
This manifests itself as a projection condition on the supersymmetry parameter e and fermion ij): 



roi2e = +e, 



(2.1) 
(2.2) 



where the first condition corresponds to the preserved supersymmetries and the second to the 
broken supersymmetries. The fermion ip is a Majorana spinor in eleven dimensions and as such 
has I • 2[^-'^/^l ~ 32 real components. The second projection condition reduces the number of 
spinor components to 16 and this is further reduced to 8 real components once we are on-shell. 
Supersymmetry dictates that the on-shell degrees of freedom contributed by the bosonic fields must 
equal those contributed by the fermionic fields. We see that this is the case for the field content of 
multiple M2-branes and therefore precludes the addition of degrees of freedom from other fields for 
example, from gauge fields. Nevertheless, we can proceed by focusing solely on the scalar-spinor 
sector. 

The supersymmetry transformations for a free M2-brane are [20] 

dX^ = zePV, (2.3) 
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2.1 BLG and Real 3-algebras 



= df.X^r^T'e, (2.4) 

where ^, ^, . . . = 0, 1, 2 are the M2-brane worldvolume coordinates and I,J,... = 3, 4, . . . , 10 label 
the eight directions transverse to the worldvolume. In order to construct an interacting M2-brane 
theory involving the scalar and fermion fields, we assume that they take values in some real vector 
space A. This is analogous to the multiple D-brane situation where the fields are valued in a 
non-Abelian Lie-algebra. However, in the multiple M2-brane case we make no assumptions on the 
form of the real vector space A. A set of multiple M2-brane supersymmetry transformations must 
respect the symmetries of the theory and this places restrictions on the possible additions to the 
free-field terms in Eqs. (2.3) and (2.4). Assuming canonical kinetic terms for the fields we know 
that in three dimensions the mass dimensions of the fields are 

In fact, the scalar variation must have the same form as the free theory as this is the only trans- 
formation consistent with mass dimensions. Furthermore, we know that ip and e have opposite 
chirality with respect to roi2 and the fermion supersymmetry transformation should respect this. 
This constrains the F-matrix structure in the Sip term to contain an odd number of transverse 
indices. Dimensional analysis dictates that Sip can contain only a derivative of a scalar field, 
which is simply the free-field term (2.4), and a cubic scalar term. With these considerations the 
supersymmetry transformations must be of the form 

SX^ = ieV^iP , (2.6) 
Sip = a^X^F^F^e + k[X^, X-\ X'^]T"^€ , (2.7) 

where the triple product [X^ , X"^ , X-^] is antisymmetric and linear in each of the fields and k 
is a dimensionless constant. We note that there could be other cubic terms that are not totally 
antisymmetric in /, J, K, and will return to this point later in this section. There is another reason 
for the presence of the cubic scalar term. Setting Sip = gives rise to a BPS equation akin to that 
proposed by Basu and Harvey [11] as we now show. If we take an M2-M5 brane configuration in 
which multiple M2-branes lie in the plane and an M5-brane in the 

directions then the preserved supersymmetries satisfy Foi2e = e and Foi3456e = e. It follows 
that the common preserved supersymmetries in the M2-M5 system satisfy — F345ge. The 
fluctuations of the M2-branes that lie along the M5-brane are X^ with i e {3, 4, 5, 6}. We look for 
solutions in which only X^ are nonzero and moreover they depend solely on x'^ which is the M2- 
brane worldvolume direction orthogonal to the M5-brane. The condition F2e = F3456e is equivalent 
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2.1 BLG and Real 3-algebras 



to T'^'^e = e'J'^'r^r'e. The BPS equation for this configuration is [13, 15] 



^g»ife;j^j^^fe^^i] ^ (2. 



and is essentially the Basu-Harvey equation [11]. 

Commuting the proposed supersymmetry transformations in (2.6) and (2.7) on the scalar fields 
gives 

[5i,52]X' = 'iil2T^'tid^,X' + &Kil2TjKei[X-\X^,X']. (2.9) 
The first term in Eq. (2.9) is a translation. The second term 

5X' <xil2TjKei[X-\x'',X'], (2.10) 

can be viewed as a gauged version of the global symmetry transformation 

5X^[a,P,X], (2.11) 

where a^P £ A. It is useful to introduce a basis for the algebra A involving some generators 
where a = 1, . . . ,iV and N is the dimension of A. The structure constants associated with this 
algebra are defined by 

and they inherit the total antisymmetry of the triple product which immediately implies 

jabc^^j[abc]^^ (2.13) 

In this case, the symmetry transformation (2.11) can be expressed generally as 

5Xi = r^'aKdXl = K\Xl , (2.14) 

with Eq. (2.10) corresponding to the choice A^^ c>c ie2^ jK^iX'l X^ f'^'^^ a- In order to promote this 
global symmetry to a local symmetry a covariant derivative is defined such that 

5{D^X) = 5{D^)X + D^{5X). (2.15) 

Due to the form of the local transformation in Eq. (2.14), a natural choice for the covariant deriva- 
tive is 

{D^X)a = d^Xa~A^\Xf,, (2.16) 
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2.1 BLG and Real 3-algebras 



with Af^^'a — f'^'^^aAf^cd- The gauge field strength is defined as 

{[D^,D,]X)a = F^,\Xb, (2.17) 

from which it follows 

Ffiv^a ~ d^AfJ'a ~ dfj_Aiy^a + AJ' cA^'^ a ~ A^ cAi,'^ a ■ (2-18) 

The associated Bianchi identity is D[pi^,yA]''a = 0. Having introduced the gauge field A^j^'a we can 
write down the following set of supersymmetry transformations 

SXi^ilV'i^a, (2.19) 
dxPa = D^XiT^V'e - ""-Xlxix'^f'^aT'^'e , (2.20) 
SA^\ = zeT^r^XiVd/^^'a . (2.21) 

The form of the gauge field transformation is fixed by dimensional analysis. Let us make some 
comments on the fermion transformation. There are two additional types of term that could be 
included. The first type which is cubic in scalars but not totally antisymmetric in the gauge indices 
leads to either mixed internal/R-symmetries or gauged R-symmetries both of which are not allowed 
in rigid supersymmetry. The second type is linear in the scalar field and leads to mass deformations 
of the theory as we will see in chapter 3. Closing on the scalar and fermion fields leads to 

[Si,52]x!^ = - 2t{e,T^'e^)D^Xi - zie^T jKti)Xi Xf Xl r''\ , (2.22) 
+ i(e2r.ei)r"^ (r^D^^, + ^TjjX^X;li;,r''\^ 

- ^(e2rKLei)r^'^ (r^^D^iJa + IrjjXix^^.r^'a^ , (2.23) 

where two terms involving e2^fi^ijKL^i in the fermion closure cancel only if the 3-bracket coeffi- 
cient in 6^ is —1/6. The gauge field closure is 



[5i,<52]i/a = + 2z(e2r''ei)£^,A [X^D^X^ + -^^T^i^dj /""a 
-2i{l2Vijt,)XiD^Xir''\ 

- '-{l2T^TijKLei)XlxixfX^r}Sar''\ . (2.24) 
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2.1 BLG and Real 3-algebras 



The final term must be zero for the superalgebra to close and this happens if the structure constants 
satisfy the 'fundamental identity' 

f[efg^fc]db^ = , i.e. r^^dr'^ = r^%f''d + r^\r'd + r^^r^'d . (2.25) 

Hence the supersymmetries close on to translations and gauge transformations after imposing the 
following equations of motion 

Ea.^, = le'^'^F^.'a - [x'cD^X^i + ^4rVd) = , (2.26) 

E^. = Tf^D^^a + ^TuXixi^tf^a = , (2.27) 

The scalar equation of motion: 

Exra = D'xi - '-^,r'''xiM'^\ + ]^f^\rfa^XiX^Xixjxf = , (2.28) 

can be identified by taking the supervariation of the fermion equation of motion. The fundamental 
identity ensures that the gauge symmetry acts as a derivation 

5{[X, Y, Z]) = [5X, Y, Z] + [X, SY, Z] + [X, Y, SZ]. (2.29) 

This is analogous to the Jacobi identity for Lie-algebras where the Jacobi identity arises from 
demanding that the transformation 6X — [a,X] acts as a derivation.'* It is possible to construct a 
gauge invariant Lagrangian by defining an inner product on the algebra A. This acts as a bilinear 
map Tr : X — > C which is symmetric and invariant 

Tr{XY) = Tt{YX) , (2.30) 

Tt{[V,X,Y]Z) = -Tr{V[X,Y,Z]). (2.31) 
The inner product provides a notion of metric 

^ab ^ Xr(T"T'') , (2.32) 
which can be used to raise and lower the gauge indices. The invariance relation (2.31) on the inner 

^Note that if the fields took values in the Lie-algebra u{N) (as with the D2-brane theory) then [X-^ , X'' , X-^] 
would be given by a nested commutator [X^ , X^ , X^] = ^ [[X^ , X''],X^] ± cyclic and would vanish by the Jacobi 
identity. 
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product together with antisymmetry of the triple-bracket imphes 

jahcd j[ahcd] ^2 33^ 

With the notion of a gauge invariant metric we see that the equations of motion can be obtained 
from the foUowing Lagrangian 

C = - ^D^X'^'D^Xi + '-rr^D^ija + '-i>hT" XlXix^ar"'" ^V + Ccs. (2.34) 

where the bosonic potential is 

V = ^r'-'r^'dXixiX^Xixjxf (2.35) 



and 

^cs 



+ \s^"^ (^r'^^A^abd^A^cd + \r''%r^''A^,,A,,dA^,j^ . (2.36) 
Alternatively written in terms of the Tr, (2.34) is 

£ = Tr(^ - ]^D^X'D^^X' + ^^F^i^^^ + X^, ^] - ^ [X^ X^] [X^ X^]^ 

+ Je^"^^ {r''"'A^abd.Axcd + If^gr^^'A^abA^^dAx^^ . (2.37) 



The gauge potential has no canonical kinetic term, but only a Chern-Simons term as suggested 
in [21], and hence it has no propagating degrees of freedom. The BLG Lagrangian is the first 
example of an interacting gauge theory with maximal supersymmetry in three dimensions that is 
not of Yang-Mills type. 

2.1.1 Interpreting the BLG Theory 

Eleven-dimensional supergravity is parity conserving and M2-branes are expected to inherit this 
property. In [13] the BLG theory was shown to be parity conserving despite the presence of 
Chern-Simons terms which are usually parity violating. Further, in [22] it was verified that the 
theory possesses OSp{8\A) superconformal symmetry. Thus it would seem that the BLG theory 
has all the expected properties of a theory describing an arbitrary number of coincident M2-branes. 
Unfortunately, this turns out not to be the case. 

As constructed above, the BLG theory is classical. Ultimately one is interested in unitary 
QFTs built from classical Lagrangians. With this in mind, the 3-algebra inner product is taken to 
have Euclidean signature so that the quantum theory has observables with positive probabilities 
etc. It turns out that for finite-dimensional representations with Euclidean metric the fundamental 
identity is a very strong condition and there is a unique 3-algebra (up to direct sums) [23-25] for 
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which 



jabcd ^ ^abcd ^ (2.38) 
K 



with a,b,c,d € {1,2,3,4} and k E Z. The factor 2'K/k in Eq. (2.38) is required because the 
coefficient of the Chern-Simons action is subject to a quantisation condition which ensures that 
the path integral is weU-defined. The integer k is known as the Chern-Simons leveL This unique 3- 
algebra is the so-caUed A4 3-algebra which is simply so(4) = su{2) © su{2). Whilst there is a single 
3-algebra and Lagrangian associated with the Euclidean BLG theory there are two inequivalent 
gauge groups given by either 5-0(4) ^ {SU{2) x SU{2))/Z2 or SpiniA) = SU{2) x SU{2) [26]. 
The restricted nature of the gauge algebra is something of a disappointment. One might have 
hoped that the rank of the gauge algebra could be freely chosen and was related to the number of 
M2-branes in analogy with D-branes. This rather begs the question what is the Euclidean BLG 
theory describing? 

To answer this we must look to the vacuum moduli space of the theory as in [15, 26-28]. This 
is the space of gauge inequivalent configurations which minimise the potential. With Euclidean 
signature for the 3-algebra inner product, the potential is positive definite and minimised when 
V{X) = i.e. [X^ jX'^ ,X^] = 0. This occurs when the scalar field takes the form 



X' 



/ 


vi 


\ 
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(2.39) 







(4\ 





















for any two vectors ^ v^^ E MP' . Since the two eight-dimensional vectors are arbitrary the starting 
point for the moduli space is Al = x M^. We must now identify the gauge transformations 
which leave the form of X^ in (2.39) unaffected but have a nontrivial action on w(, Uj. There is a 
discrete symmetry whose action is 



(2.40) 



This is simply a Z2 identification of v{ and u|. There is also a continuous S0{2) symmetry which 
rotates v[ and u| 

v{ cos — V2 sm ( 
w( sin 9 + V2 cos ( 

By introducing the complex vector z-^ = v{ -[- iv2, we can see the continuous symmetry in its U{1) 
form: ge{z^) — e*^z^. Determining the effect on the moduli space due to this continuous symmetry 
is subtle. A careful treatment [26-28] shows that gg can be gauged by the Chern-Simons terms 



(2.41) 
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that survive on the moduh space. This leads to the identification 



(2.42) 



The C/(l) gauge field a is periodic due to flux quantisation and the period is dependent upon which 
of the two BLG gauge groups is chosen. For the choice 50(4) = {SU{2) x SU{2)) /Z2 the period 
was found to be 27r whereas for Spin{A) = SU{2) x SU{2) it is tt [26]. The periodicity of a together 
with the gauge fixed value a — 0, leads to 



^^^^/^z^ for 50(4) , 



(2.43) 



These are respectively a T^k and Z2fc identification of the moduli fields. We must quotient by these 
discrete and continuous symmetries, which generally do not commute, thereby introducing into the 
moduli space a dependence on the Chern-Simons level. Consequently the moduli space of the A4 
BLG theory is [26] 



Mk = < 



D2k 



D 



4k 



for 50(4) , 



for Spin{A) . 



(2.44) 



Where Z?2fc =^2x2^ is the dihedral group, k is the usual Chern-Simons level and = for 
n = 2k. 

Let us examine the moduli space for specific values of k. For A: = 1 we have 



Ml 



' X Jl 



Da 



' X 1 



for 50(4) , 
for 5pin(4) . 



(2.45) 



Likewise, for k — 2 we have 



M2 = < 



D4 



VZ2 X M7Z2 
5^ 



for 50(4) 



for 5pm (4) . 



(2.46) 



Here 52 = Z2 is the symmetric group with two elements. The moduli space of N M2-branes in 
flat transverse spacetime is (E^)^/5jv, where the permutes the N indistinguishable branes. 
It follows that at level fc = 1 the 50(4) theory describes two M2-branes in fiat transverse space 
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whereas the Spin{4:) theory does not have an M2-brane interpretation. For k = 2 the Spin{4) 
theory describes two M2-branes propagating in an M.^ /Z2 orbifold but now the SO (A) theory does 
not have an M2-brane interpretation. Although we have not exphcitly written it, the moduh space 
of the k — A, 5*0(4) theory [29] is the same as 7M2 for Spin{A) and also has the interpretation of 
two M2-branes propagating in an M'*/Z2 orbifold. Beyond the cases we have just outlined, the Ai 
BLG theory has no spacetime interpretation in terms of M2-branes. In this thesis it is implicit 
that we are referring to the interpretation given above when we state the BLG theory is a theory 
of multiple M2-branes. 

If Euclidean BLG describes two M2-branes then via the M-theory/IIA duality it should be 
related to two D2-branes at strong coupling. This presents a puzzle: how is the nondynamical 
Chern-Simons gauge field living on M2-branes related to the dynamical Yang-Mills gauge field on 
D2-branes? The answer to this puzzle is given by the 'novel Higgs mechanism' [30] as follows. A 
large vacuum expectation value (vev), v, is given to one of the scalar fields and zero vevs to all other 
fields. The symmetries of the theory ensure that we can always arrange for the vev to be assigned 
to where (f) labels the 4 direction in gauge space. For the gauge sector the nondynamical field 
^^ab can be split into 



where a',... = 1,2,3 and Sa'b'c' '■— £a'b'c'4>- The form of the Chern-Simons term in the BLG 
Lagrangian is such that the derivative of -B^a' does not appear, nor can it appear from the covariant 
derivatives in the kinetic terms. Consequently, B^^a' acts only as an auxiliary field and can be 
removed by using its equation of motion. The B^ field equation has to be found recursively and 
can be shown to be equal to the field strength of A^^a' plus infinite corrections [31]. Remarkably on 
replacing B^j^a' i its quadratic mass term is converted into a Yang-Mills kinetic term for A^a' ■ The 
nondynamical gauge field has absorbed the degree of freedom from the veved scalar field and has 
become dynamical as a result. This should be contrasted with the usual Higgs mechanism where 
a massless, but dynamical, gauge field absorbs a scalar degree of freedom and becomes massive. 
Ultimately after some redefinitions the BLG Lagrangian with a single scalar vev (AT?) — v yields 





(2.47) 



decoupled H~ ^high' 



(2.48) 



where 



^SYM 



2ttv^ 



k 



( 



2 M a 



4 



1 




a' 



x^n 




(2.49) 



18 



2.1 BLG and Real 3-algebras 



■decoupled 



d^xpf^x""^ - ld^x;'d^x"'^ + Jv^^r'^a^^' 



(2.50) 



^higher — k O [ \ + 




(2.51) 



Here 



Ffifa' — dfj,Aua' — d^A^a' ~ £ a' b' c' A"^ , D ^X^^ — d^X^ — Ea'b'c'A^X™'^ , (2.52) 



where Sa't'd are the structure constants of su{2) and the transverse mdices are now m, ?i = 1, . . . , 7. 
In three dimensions a scalar is dual to an Abelian 2-forni. Consequently the first term in Cdecoupied 
may be dualised to give 



so that it describes an Abelian multiplet. Uniquely in three dimensions we have [X] = 1/2 (before 
any field redefinitions) and [^ym] = 1/2. This allows for the identification 



The leading term in the Lagrangian (2.48) is then simply three-dimensional maximally supersym- 
metric Yang-Mills with gauge algebra su{2). Together with the Abelian multiplet (2.53), the full 
gauge symmetry is su{2) ® it(l) = u(2) and the Lagrangian is invariant under U{2) i.e. it is the 
theory describing the dynamics of a pair of D2-branes in type IIA string theory. However, the 
theory is more than just three-dimensional supersymmetric U{2) Yang-Mills because of the addi- 
tional presence of higher order corrections in inverse powers of v. For finite k, sending v oo 
results in Chigher tending towards zero but also means gyM ^ oo and therefore strongly coupled 
Yang-Mills. However, if we send w — ^ oo and A; — > oo with gvM oc fc/u^ fixed and finite then the 
^higher corrections in (2.48) are suppressed as fcO (l/f"^) and we are left precisely with finitely 
coupled supersymmetric U{2) Yang-Mills. 

2.1.2 Non-Euclidean Real 3-algebras 

As we have mentioned the 3-algebra which underpins the Euclidean BLG model is severely re- 
stricted so that the theory describes at most a pair of M2-branes. To avoid having such a re- 
stricted theory we can consider infinite-dimensional 3-algebras or those with non-Euclidean metrics. 
Infinite-dimensional representations exist and such algebras may have some relevance to infinite 
arrays of M2-branes as considered in chapter 5 but are otherwise not needed for this thesis. Re- 
laxing the assumption that the metric on the 3-algebra is positive definite leads to an infinite set 




(2.53) 




(2.54) 
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of 3-algebras [32-37]. Following [33] we start by taking any ordinary Lie-algebra Q with basis T", 
a = 1,. . . ,dim{Q) and structure constants f"^^- To this vector space we add a pair of time-like 
generators so that the basis is now given by = {r+, T^, T"} and has dimension dim(C7) + 2. 
One can then use the Lie-algebra to build structure constants with four indices: 

f+"'\ = -r+\ = /"'^+^ = r^-y , r^''- = r'^'^ , an other components of f'^'^'d = . 

(2.55) 

It is clear from Eq. (2.55) that /"'"^d is totally antisymmetric in the a, 6, c indices. Moreover, it can 
be verified that the choice Eq. (2.55) satisfies the fundamental identity. Hence we have constructed 
a 3-algebra from an ordinary Lie-algebra. An invariant metric for this 3-algebra can be given in 
terms of the standard metric hP'^ on Q 

Tr(T+r") = -l, (2.56) 
Tt{T°'T^) =h°'^ , (2.57) 

with all other components of /i"'' vanishing. This metric is clearly not positive definite, having 
signature (dim(CJ) + 1, 1) if Q is semi-simple. We will refer to this class of 3-algebras as Lorentzian 
3-algebras. By continuing to add a further t — \ pairs of time-like generators, one can construct a 
class of 3-algebras whose metric has (dim(C/) + t,t) signature. 

It is straightforward to form BLG Lagrangians based on these non-Euclidean 3-algebras, the 
hope being that for Q — su{N) they are capable of describing N M2-branes. However, for the 
Lorentzian theories the fields have the following basis expansion 

(j> = (ji^T" = 4)+T+ + 4)-T- + 0„r" . (2.58) 

After expanding the terms in the BLG Lagrangian the following ghost terms can be identified 

CgHost - +8^X18^^X1 - ^^+r''9^V- - ^^-r'^9^V+ • (2.59) 

Consequently it is not obvious that these Lorentzian 3-algebra theories are unitary. Of course this 
potential problem carries over to the multiple time-like case as well. In [38, 39] it was demonstrated 
that for the Lorentzian theories these ghost terms can be removed resulting in well-defined theories. 
The key observation of [38, 39] is that there is a global shift symmetry associated with the fields 
in the ' — ' direction which can be gauged. The new gauge symmetry allows for the choice X[_ = 
= "0- which eliminates Cghost- Furthermore, the full analysis shows that X^ is constant and 
■)/'+ = 0. Choosing X\_ = preserves the 5*0(8) R-symmetry but results in a free theory. On the 
other hand, choosing X^ ^ breaks the S0(%) R-symmetry to 5*0(7) as well as breaking the 
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conformal symmetry. In particular setting ~ vS^^ reproduces three-dimensional maximally 
supersymmetric Yang-Mills with fields in the adjoint of Q and coupling parameter v. This is an 
exact result, there are no O (l/w"^) corrections present which is in contrast to what occurred in 
using the 'novel Higgs mechanism'. As shown in [40], it is also possible to start from multiple 
D2-branes and rewrite the theory in terms of Lorentzian 3-algebras. Therefore it seems that the 
Lorentzian 3-algebras theories are a reformulation of the worldvolume theory of multiple D2-branes 
rather than bona fide M2-branes. For the multiple time-like case the story is somewhat similar. 
Once again there is a global shift symmetry associated with the r~ analogues that upon gauging 
allows the ghost terms to be removed. Fields in the T+-like directions are constant and can be 
identified with Fourier modes of multiple D{t + l)-branes wrapping T*^^ [36, 41]. 

2.2 ABJM and Complex 3-algebras 

We now give an alternative, but equivalent, formulation of Euclidean BLG due to van Raamsdonk 
[42] who used the relation so(4) = su{2) su{2) to show that the theory can be cast as an 
ordinary gauge theory with matter in the bifundamental representation of the gauge group i.e. a 
Chern-Simons-matter theory. Under the su{2) © su{2) decomposition, a vector of so(4) i.e. Va, 
a — 1,2,3,4 becomes a 2 x 2 matrix in the bifundamental of su{2) ® su{2) i.e. V^^, a = 1,2, 
/3 — 1,2 and obeys the reality condition 

Kp=^o.0e^,.{V^f^. (2.60) 

Explicitly, we can write 

( xl\ 

X^ = 

xi 
[xi ) 

ip = 

J 

with m = 1,2,3 and the Pauli matrices cr™ are normalised so that tr((T™CT") — 2(5™" and 
tr{a^a'^a^) = 2i, where tr is now the usual matrix trace. The gauge field A^ab can be separated 
into self-dual and anti-self-dual parts 

^Ma6 = -|^(4,, + A;j, = ±^e,fc,rf4^^ (2.63) 



X' = -{Xi+^X,ian 




Xi + ixi xl + iX{ 



-x^ + ix[ xi - iXi 



(2.61) 



^ = ^(V'4 + jV'm'J™) = ^ 



-11)2 + iipi V'4 ~ itp3 



(2.62) 
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so that 

Af,"'^ = -A+'-'^ + A-""^ . (2.64) 

The duality conditions reduce the number of independent components of A^^^^ from six to three, 
which we can take to be A^^^, ^^24^ ^^3i- From these components we can define 

At-A;,^a-, < = A;4,„a'". (2.65) 

The gauge covariant derivatives are now 

D^X' = d^X' - lAfX + iX'Al , D^,^ = a^V' - ^A^i, + %,l,Al . (2.66) 

After substituting all these replacements the 3-algebra based Lagrangian given in Eq. (2.37) be- 
comes 

£ = tr - {D^x^yo^.x' + iV^r'^X'^V' 

i;^Tjj{X'X''^^ + X-'i^^X' + i;X'^X') + ^ (^^^ ' X^' X'^^ X'^^X'^ X' X''^ 
A\.d.A\ - I^^^Mt) - A.'^^^ [Ald.Al - ) ^ . (2.67) 

The A/" = 8 supersymmetry transformations may also be decomposed in this way. 

In [16] Aharony, Bergman, Jafferis and Maldacena (ABJM) constructed an infinite class of 
brane configurations whose low energy effective Lagrangian is a Chern-Simons-matter theory with 
an SO (6) R-symmetry, manifest M — Q supersymmetry and conformal invariance. The gauge group 
is U{N) X U{N) for arbitrary N and matter is in the bifundamental representation, (N, N).'"' The 
modufi space of the U{N) x U{N) ABJM theory is Mk = {<C^/1k)^ /Sn and consequently the 
theory has a clear spacetime interpretation - it describes N M2-branes propagating in a C^/Zj. 
orbifold background where once again k is the integer level of the Chern-Simons action.*^ One 
advantage of the ABJM construction is that it is possible to define a 't Hooft coupling parameter, 
A = N /k. In the limit in which both the number of branes and the Chern-Simons level are large, 
with A fixed, the theory admits a dual geometric description given by AdS^ x S'^/Zj,. 

As the U{N) X ;7(iV) ABJM theory describes N M2-branes it should exhibit the famous N^/"^ 
scaling behaviour for large N . By considering so-called localisation techniques the authors of [45] 
were able compute the free energy of an ABJM matrix model in the large 't Hooft limit. This free 

^The original ABJM paper examines gauge groups of the form U {N) X U (N) and SU(N) X SU {N) but subsequent 
work in [26] shows that they are related. There are also the A/" = 6 ABJ models [17] with gauge groups of the form 
U{M) X U{N). 

^The interpretation in terms of M2-branes can also be found from the 'novel Higgs mechanism' for ABJM 
[43, 44]. 
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energy was found to be proportional to N^/\/X which indeed scales like N^^'^ for large N. 

The ABJM theory as originally conceived did not use 3-algebras. However in [16] it was also 
argued that for k = 1,2 the manifest Af = 6 supersymmetry is enhanced to Af = 8. For the case 
of two M2-branes the ABJM theory at levels k — 1,2 is then equivalent to the BLG theory as 
written in (2.67), also a,t k — 1, 2. We can then reverse the process at the beginning of this section 
and write this instance of the ABJM theory as a 3-algebra theory. Given this connection, it is of 
interest to generalise the construction of the BLG model, based on 3-algebras, to the case oi JV = 6 
supersymmetry for arbitrary number of M2-branes. 

Reduced (super-)symmetry implies that there are fewer constraints placed on the theory and 
for a 3-algebra this can manifest itself as a relaxation of the total antisymmetry condition on the 
triple product. Another distinction between the 3-algebra BLG and ABJM models is that in the 
former the fields took values in a real vector space whilst in the latter theory the fields are complex 
matrices. In [18], Bagger and Lambert introduced the concept of a complex 3-algebra which they 
defined as follows. A complex 3-algebra is a complex vector space with basis T", a — I, . . . ,N, 
endowed with a triple product, 

[T'^, t'] = r^'^d T'^ ■ (2.68) 

The notation for the 3-bracket reflects that it need only be antisymmetric in the first two in- 
dices (alternatively one can use the notation [T"^ ,T^;Tc] = /""^cdT"^)- Furthermore, the structure 
constants, which are now complex, are required to satisfy the following fundamental identity, 

pf-a^fcb-a^ + ff'%r'''d + r^^ir\ + r'\r^'\i = o . (2.69) 



There is also an inner product on the complex 3-algebra 

^ab ^ Xr(T''T'') , (2.70) 



that is linear in the second entry and complex antilinear in the first and acts as a metric on the 
3-algebra indices. We take this metric to have Euclidean signature. Requiring that the inner 
product is invariant under a gauge transformation generated by the complex 3-bracket leads to the 
condition 

jabcd j^cdab ^2 71) 

We use a complex notation in which the 5*0(8) R-symmetry of the A/" = 8 theory is broken to the 
subgroup 50(6) x 50(2) = 5C/(4) x U{1). The supercharges transform under the 50(6) ^ 5t/(4) 
R-symmetry; the 5*0(2) = U{\) provides an additional global symmetry. We introduce four 
complex 3-algebra valued scalar fields Z-^ , A = 1,2,3,4, as well as their complex conjugates 
ZAa- Similarly, we denote the four complex two-component fermions by ipAa and their complex 
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conjugates by ip^. A raised A index indicates that the field is in the fundamental 4 of S'C/(4); a 
lowered index transforms in the antifundamental 4. We assign and tpAa a U{1) charge of 1. 
Complex conjugation raises or lowers the A index, flips the sign of the U{1) charge, and interchanges 
a -f-)- a. The supersymmetry generators cab are in the antisymmetric 6 of SU (4) and satisfy the 
reality condition 

/ \* AB ^ABCD^ fo 70\ 

(^AB) =e {^■'^) 

The gauge field and the supersymmetry generators are not charged under the global U{1). Super- 
symmetry transformations that preserve the SU{4:), U{1) and scale symmetries are^ 

SZf = ie^^Vsd, (2.73) 

Si^Bd = i''D^Z^eAB + r''''dZ^Z^ZcceAB+ r^'dZ^Z^^ZB-cecD. (2.74) 

-Ji/d = -i-eABlt.Z^i>^r^d + i-e^''l^.ZAii>Bar\. (2.75) 

In [18] the commutator of these supervariations on each of the fields was shown to give 

[5^.52]Z^ = +v^D^Z^ + K%Z^, (2.76) 

[5i,52]A^,'d = +v''iF^.'d + e^.xEj,^J+D^{A'=d), (2.77) 

[Si,S2]iJDd = +v''Df,^Dd + ^"dtpDc 

+ \{lt''lue2AB)YE.^,,, (2.78) 



where 



= ^et'^T'^eiczj , A"^, = *(et^eic£ - l?" e2CE)ZD-cZ? t'' d , (2.79) 



are a translation and gauge transformation respectively. The gauge field and fermion equations of 
motion are 

Ea^^, = + \e>'''^F^,^a + {D^Z^Zj,^ - Z^D^Zj,^ ~ ^^t^^^Aa) r\ , (2.80) 

E^c. = + ^D^^cd + r^di^CaZ^ZD-c - 2r'''d^JDaZ^Zcc " ECDEF d^s Z^l" Z[ . (2.81) 

Hence we see that the supersymmetry algebra closes if we impose the on-shell conditions E^xa^ — 
and -B^jcd ~ 0- The scalar field equation can then be identified by taking the supervariation of 



''In chapter 3 we will add terms to StpBd that are linear in the scalar fields and which lead to a mass deformation. 
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the fermion equation of motion. Armed with ah the field equations we can then 'integrate' them 
to yield a Lagrangian which is automatically M — 6 supersymmetric and gauge invariant. That 
Lagrangian is 

+ '-eABCDr''''i'^i^iZ^Z,^ - '-e^^^^r^-^HAci^BdZc-aZui , (2.82) 

where the potential is 

V = +^Tg^Tg|, , (2.83) 

and 

TCD rabc ryC ryD ry ^ cC rubc ryE ryD ry , ratc ryE ryC ry /"O 

Bd - J d^a ^Bc - -^OgJ d^a ^b ^Ec+ -^OgJ Z^jg . (^■O^) 

Of course this can equally well be written as 

C = -TiiDf^ZAD^Z^) - tTrii,^ jf'D^^A) - ^Tr(Tg^Tg^) + Ccs 
-^Tr(V;■^[^A, Z""; Zg]) + 2iTr(^^[^B, Z^; Za]) 

+ yABCDTr{^^[Z'',Z^;,p^])-'-e^^^''TiiZD[^A,i^B;Zc]), (2.85) 

with T§^ = - ^6'^[Z'^,Z^;Ze] + ^d§[Z^ , Z^ ; Ze]. As in the A/" = 8 theory the 

gauge field enters through covariant derivatives and a Chern-Simons action Ccs which is now given 
by 

^cs = \e'"'^ l^r''''''A,,,d,A^,, + \r\r^ 'A^^,,A,,,A^j)j . (2.86) 

Consequently the gauge field does not contribute any propagating degrees of freedom and the 
complex 3-algebra structure constants are quantised. 

The gauge symmetries permissible in A/" = 6 Chern-Simons-matter theories have been classified 
in [46]. The possible choices are su(n)®su(n), sw(rn)©su(n)©u(l) and sp(2n)0u(f) with matter 
in the bifundamental representation. We will now see how these algebras arise from complex 3- 
algebras. The gauge algebra is generated by the parameters A^^ — Acdf'^^'^d and from the metric 
invariance condition Eq. (2.71) we find 

{A%y = -A'^, , (2.87) 

so that the gauge parameters are elements of u{N) {N is the dimension of the 3-algebra and not the 
number of M2-branes) . In addition, coupling A^d to the complex fundamental identity in Eq. (2.69) 
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shows that the A arc closed with respect to the matrix commutator and consequently form a Lie 
subalgebra of u{N). To start we choose the 3-algebra structure constants to be given by 

r\d = ^ {r'Jcd + [S^cS^d - S'^dS^)) , (2.88) 

where J"^ is the invariant antisymmetric tensor of Sp{2n). These structure constants obey the 
fundamental identity and have the correct symmetries. The gauge symmetry can be determined 
from the gauge transformation on a generic matter field X^i, 

6Xa = A"d Xa = r\d ^% Xa = Y ((^"<i + ^rf") - . (2.89) 

This transformation contains two parts: the first is of the form S'X^ = A'°'dXa', the second is a 
phase. It can be verified that Jab^'^cJ"'^ = ^"''a and so the gauge algebra is sp{2n) ® u{l). 

Perhaps the simplest example of a complex 3-algebra is the vector space of m x n complex 
matrices with the triple product of three elements X,Y,Z given by 

\X,Y;Z] = --(XZ'<Y-YZ^X). (2.90) 
k 

Here f denotes the matrix Hermitian conjugate and k is the integer level of the Chern-Simons 
action. It is trivial to show that this definition of the 3-bracket satisfies the Af = 6 fundamental 
identity. If we introduce the inner product 

Tr{X,Y)=tv{X^Y), (2.91) 

where tr denotes the ordinary matrix trace, then the structure constants of this 3-algebra satisfy 
the required symmetry properties outlined earlier in this section. We are free to choose any integer 
value for m and n and so we actually have an infinite class of 3-algebras in sharp contrast to the 
Euclidean J\f = 8 theory. For this choice of 3-algebra the gauge transformation of a field is 

SX = A^X - XA^ , (2.92) 

where € u(m) and A^ € u{n). Hence the gauge algebra generated by this 3-algebra is a Lie 
subalgebra of u(m) ® u{n). To be more specific, the fields are in the bifundamental representation 
and consequently carry two indices, Xai with 1 < a < m and 1 < i < n. The 3-algebra completely 
determines the gauge transformation of X^i, which is now 

OJidl = A dl^ai = J ckdU^ bj ^ai ■ 
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We may choose the 3-algebra structure constants to be, 

r^'ckdi = -Y {5^d6\6'k6h - S\6''J\d^k) ■ (2.93) 

The f"''^''-' ckdl have the correct symmetries and satisfy the JV = 6 fundamental identity. With this 
choice of structure constants we find the gauge transformation to be 

SXdi = A'''dlXa^ = y {S'^dA^hi - S^A'^^d,) X„ . (2.94) 

When m = n the matrix A^'di is traceless and the gauge algebra is su{n) © su{n). This lifts to a 
SU{n) X SU{n) gauge group. For the case m ^ n the matrix di has a nonvanishing trace and 
the gauge algebra is u{m) ® u{n) = su{m) ® su{n) ® u(l) which lifts to SU{m) x SU{n) x U{1). It 
has been shown that the SU{n) x SU{n) theory is related to the U{n) x U{n) ABJM theory [26], 
so the 3-algebraic approach describes the complete set of A/" = 6 ABJM theories. 

We note that in addition to real and complex 3-algebras one can also define so-called symplectic 
3-algebras [47] where the 3-bracket is symmetric in its first two entries. These algebras are useful 
in describing three-dimensional CFTs with M = h supersymmetry [47, 48]. The gauge groups 
associated with these A/" = 5 theories are again of product type i.e. QxT-L and are generically distinct 
from the A/" = 6, 8 groups. This illustrates one of the fascinating aspects of three-dimensional 
Chern-Simons-matter theories which is fundamentally different to Yang-Mills theories - the choice 
of gauge group determines the amount of supersymmetry of the system. There are also models 
with J\f — A supersymmetry [49, 50] in addition to those with A/" < 3 which have been known for 
some time. 
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For a single M2-brane propagating in an eleven-dimensional spacetime with coordinates a;™ the full 
nonlinear effective action including fermions and K-synimetry was obtained in [20]. The bosonic 
part of the effective action is 

S = -Tm2 J d^a^-det{d^x"^d,x^g,nn) + ^ / e^'^^d^x'^d^x^dxxPCmnp ■ (3.1) 

Here C'mnp is the M-theory 3-form potential, gmn the eleven-dimensional metric and c>c M^^ 
is the M2-brane tension. 

If we go to static gauge, = x^, fi — 0,1,2 then the M2-brane has worldvolume coordinates 
x^ and the x^, / = 3, 4, . . . , 10 become eight scalar fields. In this chapter we will be interested in 
the lowest order terms in an expansion in the eleven-dimensional Planck scale Mpi. In this case 
the canonically normalised scalars are X' = x^y/J\i2- These have mass dimension 1/2 whereas 
gmn and Cmnp are dimensionless. 

We next seek a generalisation of this action to lowest order in Mpi but for multiple M2-branes. 
The generalisation of the first term in (3.1) has been described in chapter 2 and is given by the 
BLG model [12-15] for maximal Af — 8 supersymmetry and the ABJM/ABJ models for Af = 6 
[16, 17]. In this chapter we will obtain the generalisation of the second term (i.e. the Wess-Zumino 
term) which gives the coupling of the M2-branes to background gauge fields. In the well studied 
case of D-branes, where the low energy effective theory is a maximally supersymmetric Yang-Mills 
gauge theory with fields in the adjoint representation, the appropriate generalisation was given by 
Myers [51]. In the case of multiple M2-branes the scalar fields and fermions now take values 
in a 3-algebra which carries a bifundamental representation of the gauge group. Thus we wish to 
adapt the Myers construction to M2-branes. For alternative discussions of the coupling of multiple 
M2-branes to background fields see [52-54]. 

The rest of this chapter is as follows. In section 3.1 we will discuss the relevant couplings, to 
lowest order in Mpi, for the Af — 8 Lagrangian detailed in chapter 2 and demonstrate that, by an 
appropriate choice of terms, the action is local and gauge invariant. We will also supersymmetrise 
the case where the background field Gjjkl is nonvanishing and demonstrate that this leads to 
the mass-deformed theories first proposed in [55, 56]. In section 3.2 we will repeat our analysis 
for the case oi Af — 6 supersymmetry leading to the mass-deformed models of [57, 58] . In section 
3.3 we will discuss the physical origin of the flux-squared term that arises by supersymmetry. In 
particular we will demonstrate that this term arises via back-reaction of the fluxes which leads to 
a curvature of spacetime. Section 3.4 will conclude with a discussion of our results. 
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3.1 TV = 8 Theories 

Let us first consider the maximally supersymmetric case. Although this case has only been con- 
cretely identified with the effective action of two M2-branes it is simpler to handle and hence the 
presentation is clearer. In the next section we will repeat our analysis for the case of A/" = 6. 

3.1.1 Non-Abelian Couplings to Background Fluxes 

The scalars live in a 3-algebra with totally antisymmetric triple product [X^ , X'' , X^] and 
invariant inner product Tr{X^ X'^ ) subject to a quadratic fundamental identity and the condition 
that Tr{X^ [X'^ , X^ ,X^]) is totally antisymmetric in /, J, K, L [13]. An important distinction with 
the usual case of D-branes based on Lie-algebras is that Tr is an inner product and not a map 
from the Lie-algebra to the real numbers. In particular there is no gauge invariant object such as 
Tr(A"^). Thus the only gauge-invariant terms that we can construct involve an even number of 
scalar fields. 

In this chapter we wish to consider the decoupling limit Tm2 ^ oo since, unlike string theory, 
there are no other parameters that we can tune to turn off the coupling to gravity. In particular it 
is not clear to what extent finite Tm2 effects can be consistently dealt with in the absence of the 
full eleven-dimensional dynamics. 

Assuming that there is no metric dependence we start with the most general form for a non- 
Abelian puUback of the background gauge fields to the M2-brane worldvolume: 

Sc - ^e^"^ J d^x(^ + aTM2C^,x + 3bC^,ij Tr{D,X' D^X'^) 
+ 12cC^,ijklMDxX'[X-' ,X'^ ^X'^]) 

+ 12dq^,jaKL]TrpA^^[X-^,X^,X^]) + ...) , (3.2) 

where a, b, c, d are dimensionless constants that we have included for generality and the ellipsis 
denotes terms that are proportional to negative powers of Tm2 and hence vanish in the limit 
Tm2 oo. 

Let us make several comments. First note that we have allowed the possibility of higher powers 
of the background fields. In D-branes the Myers terms are linear in the R-R fields however they also 
include nonlinear couplings to the NS-NS 2-form. Since all these fields come from the M-theory 
3-form or 6-form this suggests that we allow for a nonlinear dependence in the M2-brane action. 

Note that gauge invariance has ruled out any terms where the C-fields have an odd number of 
indices that are transverse to the M2-branes (although the last term could have a part of the form 
C^uiCjkl)- This is consistent with the observation that the Af = 8 theory describes M2-branes in 
an M^/Z2 orbifold and hence we must set to zero any components of C3 or Cg with an odd number 
of /, J indices. 
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The first term is the ordinary coupling of an M2-brane to tfie background 3-forni and lience we 
should take a — N for N M2's. The second term leads to a non-Lorentz invariant modification of the 
effective three-dimensional kinetic terms. It is also present in the case of a single M2-brane action 
(3.1) where we find b — 1 which we will assume to be the case in the non-Abelian theory.* The final 
term proportional to d in fact vanishes as Tt{DxX^^[X-' , , X^^]) = \dxTT{X^[X'^ , X^ , X^]) 
which is symmetric under I , J -^r^ K, L. Thus we can set d = 0. 

Finally note that we have allowed the M2-brane to couple to both the 3-form gauge field and 
its electromagnetic 6- form dual defined by G4 — dC^, Gy = dC'e where 

Gj^i^Gi-^CsAGi. (3.3) 

The equations of motion of eleven-dimensional supergravity imply that dGj = 0. However G7 is 
not gauge invariant under SC3 = dA2. Thus Sc is not obviously gauge invariant or even local as a 
functional of the eleven-dimensional gauge fields. As such one should integrate by parts whenever 
possible and seek to find an expression which is manifestly gauge invariant. 

To discuss the gauge invariance under dC^ = dA2 wc first integrate by parts and discard all 
boundary terms 

Sc = l^e^"^ J d^T( -f NTm2C^,x 

+ ^G^,ijTt{X'DxX-') - ^C^,ijTt{X'KxX-') 
-cG^,A/ji^LTr(X^[X'^A^,X^])) . (3.4) 

Here we have used the fact that G^jy/ and C^^xuk have been projected out by the orbifold and 
hence G^i./j = 29[^,Gi.]/j and G^^xukl = 'id[^Gyx]ijKL- 

We find a coupling to the worldvolume gauge field strength F^x but this term is not invariant 
under the gauge transformation 5C^ = dK2. However it can be cancelled by adding the term 

Sf = J d^xTr{X'F^,X'')Cxij , (3.5) 

to Sc- Such terms involving the worldvolume gauge field strength also arise in the action of multiple 
D-branes. 

Next consider the terms on the third line of (3.4). Although Gy is not gauge invariant Gy -I- 
^Ga A G4 is. Thus we also add the term 

See = -^^^'^ / d^xTY{X'[X\ X^, X^])(G3 A G4)^,,xijkl ■ (3.6) 

*This is an assumption since the overall centre of mass zero mode x*^ that appears in (3.1) is absent in the 
non-Abelian generalisations. 
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and obtain a gauge invariant action. 

To summarise we find that the total flux terms are, in the limit Tm2 oo, 

Sfiux = Sc + Sf + ScG , (3-7) 

= ^e""^ Jd^x(^ + NTm2 C^.a + ^G^./j Ty{X'DxX'') 

- c(G7 + ICs A Gi)^,xijKL Tr(X^[X•^J^^,X^])) . (3.8) 

In section 3.3 we will argue that c — 2. 

3.1.2 Supersymmetry 

In this section we wish to supersymmetrise the flux term Sfiux that we found above. There 
are also similar calculations in [59-61] where the flux-induced fermion masses on D-branes were 
obtained. Here we will be interested in the final term since only it preserves three-dimensional 
Lorentz invariance (the first term is just a constant if it is Lorentz invariant). Thus for the rest of 
this section we will consider backgrounds where 

Cfiux ^ cGjjKLTr{X'[X\x'' ,X'^]) , (3.9) 

with 

GlJKL = —T^^^^'^'^iGj + -C3 A G4)fj^,y\ijKL (3.10) 

= +^£ijklmnpqG^'^'^^^ (3-11) 

and GjjKL is assumed to be constant. 

To proceed we take the ansatz for the Lagrangian in the presence of background fields to be 

^ — ■^Af=8 + ^mass + ^flux , (3-12) 

where £-j^=s is the BLG Lagrangian in Eq. (2.37), 

C„,ass = -\r?h.j Tt{X'x') + & Tr(V;r"^^^) G/jKL (3.13) 

and rri} and h are constants. As shown in [13], >Ca/'=8 is invariant under the supersymmetry 
transformations 

8Xi^ilV'^a, (3.14) 
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6A^\ = ieT^TiXM"^a , (3.15) 

Si,a = D^XiT^^r'e - ^-XixiX^f-\T'J''e . (3.16) 

We propose additional supersymmetry transformations of the following form 

5'Xi=Q, (3.17) 

^'Va=0, (3.18) 

= u:T^'^^T'^eX^GjjKL , (3.19) 

where a; is a real dimensionless parameter. 

Applying the supersymmetry transformations to the mass-deformed Lagrangian gives 

SC = {5' + 6){jCM=8 + j0.mass + jC-flux) (3.20) 

= (ia; + 26)I¥(V;r''r^^o^r^e£)^X^)GMivop 

TV(vir"r^^o^r^e[x^ x^, x^])Gmnop 

_|Tr(V:;^'™^^^•^^^•e[X^X•^X^])GMA^OP 
+4zcTr(^r^e[X^,X^,X^])G/jKL 
+im'^Si J Tiiipr^eX'^) 

+2bio TV(VSr"^^r^^o^r'3eX«)G/j^LGMivop . (3.21) 

To eliminate the term involving the covariant derivative we must set b = —iuj/2. Substituting for 
b, expanding out the F-matrices and using antisymmetry of the indices yields 

6C = ^Tr(V;^™^o^e[X^X^X^])GM^OP 
+(4ic - 16ioj) Tr(V:;r^e[X^ X"^, X''])Glijk 
+im'^5ij Tv{^T^eX'') 

-iu? TV(V;r^™r^o^Qr^eXOGjKLMG;vopQ . (3.22) 
Defining (§ = GjklmT^^^^ and using Hodge duality of the F-matrices leads to 

^ 9|^(^_l + £._^)G^^^^^(^^Mx^^^^^]) 

+i Tr (i) (m^ - lj^M^ F^eX^) . (3.23) 
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Invariance then follows if the following equations hold 

(^-1 + ^--k^GLijK = and (m^ - uj^M^T^e = . (3.24) 

Since we assume that c ^ 0, the first equation implies oj = c/8 and G is self-dual. It follows from 
the result r3456789(io)(g ^ ^ ^j^g^^ ^j^g second equation is satisfied by 



= ^ + r3456789(10)^ _ (3 25) 

Expanding out the left hand side and using the self-duality of G one sees that this is equivalent to 
the two conditions 

m2 = ^G^ and GMNiuGKL]^"" = , (3.26) 

where = GuklG"^^. 

The superalgebra can be shown to close on-shell. We first consider the gauge field and find that 
the transformations close into the same translation and gauge transformation as in the un-deformed 
theory; 

[SiMA^'a = [Si + 6[,62 + <5^]i/„ (3.27) 
= v''F^^>>a + D^K\ , (3.28) 

where = -2ie2r''ei and A^ = iearj^eiX^^Xj^/^''^. 

In considering the scalars we find a term, 2iuje2r'^^'^'^^^'^ eiX^ GMNOP, which can be trans- 
formed into an object with two F-matrix indices by utilizing the self-duality of the flux. Wc find 
that the scalars close into a translation plus a gauge transformation and an SO (8) R-symmetry, 

[6u62]Xi = [6, +6[,62+ (5^]Xi (3.29) 
= v^'D^X^ + A''aXl + iR'jXi, (3.30) 

where j = ^Suje2T'^^ ciGmnij is the i?-symmetry. 

Finally we examine the closure of the fermions. We find again a term incorporating r(*^) which 
can be converted to F^^' using self-duality of G. Continuing, we find 

[hM-^a = [Si + S[,S2 + <5^]Va (3.31) 

= v'^D^iPa + A^Vft + i{e2r^ei)T''E'^ - '-{e2rjKei)T-'''E'^ 

+ ^i?MJvF^^Va . (3.32) 
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Here E'^ is the mass-deformed fermionic equation of motion, 

E!^ = T^D^ija + ^TuX'^Xi^Jbr^'a - C.r*^^O^VaGMJVOP ■ (3.33) 
Consequently, we find that on-shell 

[Sl,S2]i^a = V'D^^Ja + A'a^b + ^ i?Af ivF^^^^a ■ (3.34) 

We also verify that the fermionic equation of motion maps to the bosonic equations of motion 
under the supersymmetry transformations. From the proposed mass-deformed Lagrangian the 
scalar equation of motion is 

E'^ = D'xi - '-^j:''xiijbr''\ -W^a- ™'^a - ^cXiX^Xtr''\GuKL ■ (3.35) 

The equation of motion for the gauge field is unchanged and is given by 

E'^ = F^,\ + e^,x{XiD^Xi + ^^rVd)/"''^ . (3.36) 

Taking the variation of the fermionic equation of motion (3.33) gives 

= V'Vy^XlE'j^e + T'E'^e 

+ ^ (-! + £- G,uKT'eXixiX^r\ 

+ (m^ - o^^r^^^o^r^^^^G^xrzGM^op) Thxi . (3.37) 

Therefore consistency of the equations of motion under supersymmetry again implies that the 
conditions (3.24) must be satisfied. 

Let us summarise our results. The Lagrangian 

C = Tv(^-\d^X'D^^X' +'-i^T>^D^^+'-i^T"[X',X-\i^] - ^[X' , X'\ X^^X^ X-\ X^] 
- \mHijX'x' - ^ ^F^'^^^^ GuKL + c [X', X\ X^\X^ G/j^l) 



+ \e^''^ (^/""^'^A^aO^.^Acd + \r^%r^^^A^,bA,,iA^,^ , (3.38) 
is invariant under the supersymmetries 

8X1 ^ zeF^, , (3.39) 

6A^\ = ieT^TiX'M"^''a , (3.40) 



34 



3.2 Af = 6 Theories 



S^Pa = D^XiT^T'e - ^-XlxiX^f^''j:"^e + ^T"''^T^' eX'J Gukl , (3.41) 



provided Gjjkl is self-dual and satisfies the conditions in (3.26). Moreover the supersymmetry 
algebra closes according to 

[&i,52]A^\ = v''F^,\ + D^K\ , (3.42) 
[SuS2]Xi - vf^D^Xi + k\xl + iR'jXi , (3.43) 

[5u52]^a = yf^D^^a + A^Vb + ^i?A./wr^^V^ • (3.44) 

Taking 

G = ^i{dx^ A dx^ A dx^ A dx^ + dx'^ A dx^ A dx^ A dx^°) , (3.45) 
readily leads to the mass-deformed Lagrangian of [55, 56]. 

3.2 Af = 6 Theories 

Let us now consider the more general case oi J\f — 6 supersymmetry and in particular the ABJM 
[16] and ABJ [17] models which describe an arbitrary number of M2-branes in a C'^/Z^ orbifold. 
Since the discussion is similar in spirit to the M — S case we will shorten our discussion and largely 
just present the results of our calculations. 

3.2.1 Non-Abelian Couplings to Background Fluxes 

In the JV = 6 theories there are four complex scalars and their complex conjugates Za- These 
are defined in terms of the spacetime coordinates through 

Z' = -J^ix'+^x'') Z^ = ^^{x^+^x^), (3.46) 

Z^ = Z4 = ^_(,8_,,i0). (3.47) 

In particular we will take the formulation in [18]. The scalars and fermions are endowed with a 
triple product \Z^ , Z^] Zq] or [Za, Zb', Z'^'] and an inner product Tr(ZyiZ^) subject to a quadratic 
fundamental identity as weU as the condition Tr(Z£,[Z^, Z^; Zc])* = -Tt{Za[Z'^ , Z^; Zb])- As 
we have seen in chapter 2 to obtain the ABJM/ ABJ models [16, 17] one should let the fields be 
m X n matrices and define 

[Z^,Z^: Zc] = X{Z^ZIZ^ - Z^Z^Z^) . (3.48) 
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C^^^AB^'' Tv{DxZd[Z^, Z^; Zc]) 

C^^.^'^CD MOxZ^'iZA, Zb; Z^])) . (3.49) 



where A is an arbitrary (but quantised) coupling constant. As such the gauge invariant terms always 
involve an equal number of Z and Z coordinates. Again this is consistent with the interpretation 
that the M2-branes are in an C/Zj, orbifold which acts as Z"^ Z^. 
Following the discussion of the previous section we start with 

Sc = y^-"^ J d^x(^ + NTM2C^,x + ^C^^BTr{D,ZAD),Z'') 

+ ^C^a''Ty{D,Z^DxZb) 
3c 

+ T 

3c 

Integrating by parts we again find a non-gauge invariant term proportional to e'^'^^F^xCp^^B which 
is cancelled by adding 

Sf = ^e^"^ J d^x C^^B Tv{ZaF,xZ'') + C^a"" Ty{Z^F,xZb) • (3.50) 

As with the case above we also must add 

ScG = -^e'^''^ J d^x{C3AG4)^,AB^''Tr{ZD[Z^,Z^;Zc]) (3.51) 

to ensure that the last term is gauge invariant. Thus in total we have 

Sfiux = Sc + Sf + ScG (3.52) 



^e^-^^y" d^x(^ + NTM2C^.x 



G,,,^B Ty{ZaDxZ'') + -G^.a'' MZ^DxZb) 



3 

- ^(G7 + ^Ca A G4),,.aab'''' Tr(Zz,[Z^, Z^; Zc])) . (3.53) 

3.2.2 Supersymmetry 

Following on as before we wish to supersymmetrise the action 

= •^A/'=6 + ^mass + ^/iua; J (3.54) 

where /CaA=6 is the A/" = 6 Lagrangian given in Eq. (2.85). We restrict to backgrounds where 

Cfiu. = ^Tv{Zd[Z^,Z''-Zc])Gab'''' , (3.55) 
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with 

Gab^^ = -^e^-^(G7 + ^C3AG4)^.AAB^^ (3.56) 

— J-^c ^CDGHriEF /q ryN 

— +-^^ABEF^ GH ■ {6.i)() 

Finally we take the ansatz for to be 

Cmass = Tt(Z^Z^) + bT^{i>^i,p)GAE^^ ■ (3.58) 

We propose the following modification to the fermion supersymmetry variation 

5'^ Ad = ^^dfZ^ Gae'"' , (3.59) 

where a; is a real parameter. 

After applying the supersymmetry transformations to C we find that taking b = —ioj eliminates 
the covariant derivative terms. The terms that are second order in G must vanish separately and 
this gives the condition 

/=< EB/=. FC 



The remaining terms in the variation are 

6C = +2iujTv{ZD[^Fe''^.zQ-ZQ\)GAE''^ 
+icoTr{Zn[iJFe'^'',Z^;ZQ])GAE^^ 
+2ico Tr{Zn [i'Ke^'' , Z"" ; Zf])Gae^^ 
+ i TriZoi^Ke^'' , Z^; Zc])Gab'''' 



Gae'^'^Gbf^'' = ^5'i. (3.60) 



+ ^e^KQD^^^^^ Tr(Z^[^^e^^ Z^; Zq])Gae''^ 

+C.C. , (3.61) 



where we have made use of the reality condition epp = \eijFP e^"^. To proceed we need to restrict 
G to have the form 

r< CD ^xCn ED ^sCri ed ^^Dr< Ec.^xDn eg ro\ 

LrAB = -^OgLrAE —-j^OA'^BE — -j^O^LxAE +-^Oa(jBE , [6.bZ) 

with Gae^^ = 0. Substituting for Gab^^ allows us to factor out the common term 
Tr{Z]:)['tpK^^'^ , Z^; Zq])Gae^^ ■ This factor is separately antisymmetric in IJ and DQ so after 
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EF 



expanding out e^'^^^eijpp = 4!^'^^^^' we have 

SC = - 2) (5/<5f + 5f5']5^5j.mZDH^Ke", Z^- Zq])Gae 

+C.C. (3.63) 

Therefore the Lagrangian is invariant under supersymmetry if w = c/4. Taking the trace of 
Eq. (3.60) allows us to deduce that 

where = QGab^^G^^cd = 12Gae^^Gbf^^- 

In examining the closure of the superalgebra we find 

[<5i,<52]V<i = VF^^^d + D^^ik-abr^^), (3.65) 

[5i,52]Zi = v^D^Z^ + A^br'^dZ^-iR^BZ!^ -iYZ^, (3.66) 

where 

= ^ef'^T^eiCD, (3.67) 

= ^(ef ^eicB - ef ^e2Ci;)^Dc^f , (3.68) 

-R'^S — ^ i^^i'" <^2DB — <^1Db) — ^{^i^£2DE — ^2^£iDe)Sb^ GcM^^^ , (3.69) 

Y = ^(e-fCe2z,ij-e-reii,ij)GcM*^^. (3.70) 
Acting with the commutator on the fermions gives 



I _ 

eT'"£2AD - '^'i"' (-lAD)i^'cd 



2 



+ \{e^''l.^2AB)l''E'^d 

+iR'^D^Ad-iYiPDd. (3.71) 
provided the 4- form satisfies Gae^^ — 0. The new fermionic equation of motion is 

E'cd = T^^pV-Cd + r'^d'ii^CaZl^ZDc - 2r''''d^DaZ^Zcc 

-ecDEFr''d^?Z^Z^ + ^GcB^^V'Bd . (3.72) 
Consistency of the bosonic and fermionic equations of motion under supersymmetry requires that 
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Gae'^^Gbf^^ - TjT'J^i, which is the same condition as found in demonstrating invariance of the 
action. 

Choosing Gab'^^ to have the form (3.62) with 



Gab'''' = , (3.73) 
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gives the mass-deformed Lagrangian of [57, 58]. 
3.3 Background Curvature 

Our final point is to understand the physical origin of the mass-squared term in the effective 
action which is quadratic in the masses. Note that this term is a simple, S'0(8)-invariant mass 
term for all the scalar fields. Furthermore it does not depend on any non-Abelian features of the 
theory. Therefore we can derive this term by simply considering a single M2-brane and compute 
the unknown constant c. 

We can understand the origin of this term as follows. We have seen that it arises as a con- 
sequence of supersymmetry. For a single M2-brane supersymmetry arises as a consequence of 
K-symmetry and K-symmetry is valid whenever an M2-brane is propagating in a background that 
satisfies the equations of motion of eleven-dimensional supergravity [20] . 

The multiple M2-brane actions implicitly assume that the background is simply flat space or an 
orbifold thereof. However the inclusion of a nontrivial flux implies that there is now a source for the 
eleven-dimensional metric which is of order flux-squared. Thus for there to be K-supersymmetry 
and hence supersymmetry it follows that the background must be curved. This in turn will lead to 
a potential in the effective action of an M2-brane. In particular given a 4-form flux G4 the bosonic 
equations of eleven-dimensional supergravity are 

Rmn '^fjniji-^ — ^ ^G rapqrG ri^*^ ^9mnG , (3.74) 

(i*G4- ^G'4AG4 = 0. (3.75) 

At lowest order in fluxes we see that gmn = 'Hmn and G4 is constant. However at second order there 
are source terms. To start with we will assume that, at lowest order, only Gjjkl is nonvanishing. 
To solve these equations we introduce a nontrivial metric of the form 



(3.76) 
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where uj = uj{x') = uj{X' iT^j^) and gu = gij{x') = gij{X' /Tl^^). 

Let us look at an M2-brane in this background. The first term in the action (3.1) is 



Si = -Tm2 J d^'x^-detie^-'r,^, + d^^x' d^xJ gu) (3.77) 

(3.78) 
(3.79) 



= -Tm2 I d^x e^- (^1 + ^e-^^d^x'd'^x'gjj + . . 

= - Jd^'x (TM2e^^ + ^e^df^X'd'^X-'gjj + . . }j 
Next we note that, in the decoupling limit Tm2 — )■ oo, we can expand 



g2^(.) ^ g2^(xVVT^) ^ 1 + .^^jjX'X-' + ... (3.80) 



and 



so that 



giAx)=gij{X'/y%r2) = Sij + ... , (3.81) 

Si = - j d?x [tm2 + iioijx'x-' + ia^x^a^x^j/j + . . , (3.82) 

where the ellipsis denotes terms that vanish as Tm2 ~^ oo. Thus we see that in the decoupling 
limit we obtain the mass term for the scalars. Similar mass terms for M2-branes were also studied 
in [62] for pp-waves. 

To compute the warp-factor lo we can expand g„i„ = ?7„j„ + hmn , where hmn is second order in 
the fluxes, and linearise the Einstein equation. If we impose the gauge d"^hmn — \dnh^p — then 
Einstein's equation becomes 



This reduces to two coupled sets of equations corresponding to choosing indices (m, n) — v) and 
(m, n) = (/, J). Contracting the latter with 5^^^ one finds that hi^ ~ ^hpP and hence hpP — — ^/i^''. 
With this in hand the (m, n) =^ (p, v) terms in Einstein's equation reduce to 

and hence, to leading order in the fluxes, 



e'" = 1 + ^-^GHijx'x-' , (3.85) 
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so that 5*1 contributes the term 



^i^-l^'x^G^X^ (3.86) 

to the potential 

Next we must look at the second, Wess-Zumino term, in (3.1); 

S2 = ^ j dPxe^^'^^C^^^x. (3.87) 

Although we have assumed that C^^\ = at leading order, the C-field equation of motion implies 
that Gj^^x ~ djC^^x is second order in Gjjkl- In particular if we write C^i^a = G^e^yx we find, 
assuming Gjjkl is self-dual, the equation 

djd'Go = ^G' , (3.88) 

where = GjjklG'-^^^. The solution is 

Co = ^^ GHjjx'x'' . (3.89) 

Thus we find that 5*2 gives a second contribution to the scalar potential 

S2 = - j d'x^G^X^ (3.90) 

Note that this is equal to the scalar potential derived from Si. Therefore if we were to break 
supersymmetry and consider anti-M2-branes, where the sign of the Wess-Zumino term changes, we 
would not find a mass for the scalars. 
In total we find the mass-squared 

m--^G\ (3.91) 

Comparing with Eq. (3.26) we see that — 4, e.g. c — 2. Note that we have performed this 
calculation using the notation of the A/" = 8 theory, however a similar calculation also holds in the 
N = Q case with the same result. 

3.4 Conclusions 

In this chapter we discussed the coupling of multiple M2-branes with A/" = 6,8 supersymmetry 
to the background gauge fields of eleven-dimensional supergravity. In particular we gave a local 
and gauge invariant form for the 'Myers terms' in the limit AIpi — )• oo. We supersymmetrised 
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these flux terms in the case where the fluxes preserve the supersymmetry and Lorentz symmetry 
of M2-branes to obtain the massive models of [55-58] . We also showed how the flux-squared term 
in the effective action, which arises as a mass term for the scalar fields, is generated through a 
back-reaction of the fluxes on the eleven-dimensional geometry. 

The results we have found using gauge invariance fit naturally with the M*/Zfc orbifold inter- 
pretation of the background. However for the JV — 6 theories with fc = 1, 2 the orbifold action is 
less restrictive and this allows for additional terms. In particular for k — 2 we expect terms where 
the total number of and Zb fields are even (but not necessarily equal). In addition for k — 1 
there should be terms with any number of Z^ and Zb fields. Such terms are not gauge invariant 
on their own but presumably can be made so by including monopole operators which, for k — 1,2, 
are local. 
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4 Higher Derivative BLG 

The bosonic effective action for a single M2-brane [20] in static gauge and in a flat background 
with zero flux, is given by the Abelian DBI action 

Sm2 = - Tm2 j d^x ^-dei{f^^, + d^xid,x'). (4.1) 

The terms in the integral can be expanded as a power series in {dxY that is, a higher derivative 
expansion. After canonically renormalising the eight scalars so that — x^ \/Tm2, the leading 
order and next to leading order terms in the expansion are 

Sm2 - j d^x - ^d^X'd^X' 

+ I d^x — (+-d^X^d^'X'^d^X^d''X'^ - ^d^X^df^X^d^X-^d^xA (4.2) 
J Tm2 V 4 8 J 

+ ... , 

where we have ignored a constant and the ellipsis denotes terms C'((1/Tm2)^) and higher. 

The generalisation of the supersymmetric leading order M2-brane action to multiple M2-branes 
is given by either the BLG or ABJM model. There have been several papers which aim to determine 
the next to leading order i.e. the l/Tjv/2 higher derivative corrections to multiple M2-branes. It is 
known [63-65] that in three dimensions a non- Abelian 2-form is dual to a scalar field. In [40] this 
dualisation was applied to three-dimensional maximally supersymmetric Yang-Mills (the effective 
worldvolume theory of multiple D2-branes) and it was shown that it could be rewritten as an S'0(8) 
invariant Lorentzian 3-algebra theory. Three-dimensional maximally supersymmetric Yang-Mills 
(3D-SYM) arises simply by the appropriate dimensional reduction of lOD-SYM and the higher 
derivative corrections to this have been uniquely determined (including quartic fermions in the 
Lagrangian) by superspace considerations in [66, 67] and independently in [68] by calculating open- 
string scattering amplitudes. The first higher derivative corrections to the lOD-SYM Lagrangian 
and supersymmetry transformations arise at order a'^ and the same is true in the reduction to 
three dimensions. In [69] the authors applied the analysis of [40] to the a'^ corrections of the 3D- 
SYM Lagrangian. The resulting 5*0(8) invariant, Lorentzian 3-algebra formulation features only 
3-brackets and covariant derivatives of the scalar and fermion fields. This lead to the conjecture 
that higher derivative corrections to the Euclidean BLG theory would be structurally identical to 
the Lorentzian theory and only feature 3-brackets and covariant derivatives. 

A different approach was considered in [70]. Here the most general 1/Tm2 higher derivative 
M2-brane Lagrangian with arbitrary coefficients was considered. Then, using the 'novel Higgs 
mechanism' [30] this was reduced uniquely to the four-derivative order correction of the D2-brane 
effective worldvolume theory. The results of [70] applied both to the Euclidean BLG theory and 
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Lorentzian 3-algebra theories and confirmed the conjecture of [69]. Other attempts to construct 
the fuU nonhnear action for muhiple M2-branes include [43, 44, 71]. 

The higher derivative corrected 3-algebra Lagrangians of [69, 70] are expected to possess max- 
imal supersymmetry although this was not verified in either case. An attempt to determine next 
order corrections to the supersymmetry transformations was made in [72]. Here Low applied the 
analysis of [40] and [69] at the level of the multiple D2-brane supersymmetry transformations. It 
was found that the a'^ corrections to the fermion supersymmetry could be written in an SO {8) 
fashion but that the scalar transformation could not be. The gauge field supervariation was not 
considered. By taking an Abelian truncation of the higher derivative Lorentzian 3-algebra action 
and showing it was supersymmetric. Low was able to partially determine the higher derivative 
scalar supersymmetry transformation. 

As it is not possible to derive higher derivative 5*0(8) invariant 3-algebra valued supersymme- 
tries from the multiple D2-brane ones by the 2-form/scalar dualisation approach, it seems the only 
way to unequivocally determine them is to examine the full supervariation of the higher derivative 
Lagrangian and by closing the superalgebra. This is the approach we will take here, focusing solely 
on the Euclidean BLG theory of [70]. 

The rest of the chapter is as follows. In section 4.1 we revisit the higher derivative action of 
[70] and introduce our ansatz for the \/Tm2 corrections to the Euclidean BLG supersymmetry 
transformations. We determine all arbitrary coefficients in the system in section 4.2 by examining 
the supervariation of the higher derivative Lagrangian for Euclidean BLG. In addition, in 4.3, the 
supersymmetry algebra is shown to close on the scalar and gauge fields for the coefficients we 
find. In section 4.4 we collect together our results and in section 4.5 we will offer some concluding 
remarks. 

4.1 Higher Derivative Lagrangian and Supersymmetries 

We begin with the most general four-derivative order Lagrangian as considered in [70], to lowest 
nontrivial order in fermions 

£^-1 = ^STr| +aD>'X^D^X-'D''X-^D^X' + hD^'X'D^X'D''X^D^X^ 
+ ce'"'^ X^ '^Df^X^D^X'^DxX^ 

+ dX^-"^X^-^^D^'X'^D^X^ +eX^-'^X^-'^D''X^Df,X^ 
+ f x^'''^ X^'^^ X^^^'^ X^^^^ + gX^'^^ X^'^^ x^^^'^ x^^^^ 
+ id^TT^'' D'^i^Di.X^ D^X-' + iei)T^'D''il)D^X'D^X^ 
+ if^T^-^'^^D^^P X^'"^D^X^ + ig^r^D^^p X^^D^X'^ 
+ ih'iPT^''[X\X^ ,iJ]D^'X^ Df,X^ 
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+ ik^PT^'T^■^[X^,X^,^P]Df,X^X■^^^ + ili>T''[X^,X'^,'iJj]Df,X^X^'^^ 

+ irh^prf'r"^^[X^,X'^^,iP]D^X^^X'-'^ + in^i}T''T"[X^,X^,'iJj]D^X^X^''^ 

(4.3) 

We have adopted the notation X"'^ := [X^,X-',X^] which we will use to save space wherever 
possible. Let us make some comments on this Lagrangian. The symmetrised trace of four basis 
elements of the A4 3- algebra is given by STr{r"r''T'=T''} = d"'""^ and is totally symmetric and 
linear in its four entries. To be specific we could take d'''""^ = Ih'-"^ h"'^^ as in [70]. Next, we require 
that each term within this higher derivative Lagrangian is gauge invariant. As we have mentioned 
in chapter 2, the 3-bracket generates a gauge symmetry whose action on an arbitrary 3-algebra 
element Y ^ YaT°- is 

SY=[aJ,Y], (4.4) 

where a and /? are two other elements of the 3-algebra. Acting on a generic four-derivative order 
term with the gauge transformation (4.4) we see that the requirement of gauge invariance leads to 

STr{ [a, /3, FilraFan + Y,[a, l3, Y^jY^Y^ + Y.Y^ia, /?, Y^jY^ + Y^Y^Y^ia, /3, ^4]} = , (4.5) 

where Yi,...,!^ are arbitrary fields. In basis form this symmetrised trace invariance condition 
reads 

^abcdj-efg^ _^ ^aecdjbfg^ _^ ^abedj-cfg^ _^ ^abcej-dfg^ ^ q ^ ^ ^a(bcdje)fg^ ^ q ^ (4 

and can be seen as a generalisation of the trace invariance property: h""^^ f^^^^ a = 0. 

There are further identities we can construct using the symmetrised trace. To start with we 
note that due to their simple nature the structure constants of the Aa 3-algebra satisfy 

j[abcd je\fgh q ^ ^ jabcd jefgh _|_ jbced jafgh jcead jbfgh jeabd jcf gh jeabc jdfgh 

We can combine this identity with the symmetrised trace to find 

STt{TdThT,Tj] r^"'^ ffah =STr{TdThT,Tj]{f'""^rf<^^ - f<=^^djbfgh ^ jeabdjcfgh^ ^ (4 

where the final term, STr^TdThTiTj^ f'^"'^'^ f^^^^ , vanishes because of symmetry/antisymmetry un- 
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der d ^ h. Contracting the gauge indices with the fields leads to the following identities 

STr|a/3X'^i'^^'^^X"'i-''^'^3| ^ STrja^ (-^.71/2/3^/1 J2J3 _^ ^/i 71/3^^2 J2./3 _^ ^4^/1/2 Ji ^4^/3^2 J3) | ^ 

(4.9) 



STr|a/3 [X^' , X^^ , -yjX'^'-'^'^^ | = STrja^ {[X^' , X^^ , j]X''^-'-'^ + [X^' , X-^' , j]X^^-'^-^^ 

+ [X•^^X"'^7]X^l^2•^l)| , (4.10) 

where a, (3 and 7 are arbitrary fields and /i, Ji, . . . are transverse Lorentz indices. 

The starting ansatz for the four-derivative order Lagrangian can be simplified using these iden- 
tities. Equation (4.9) shows that the f and g terms in Ci^Tm2 proportional to each other. 
The same equation, together with antisymmetry in the F-matrix indices, tells us that the term in 
Ci/Tm2 with coefficient 6 is identically zero. Similarly, the term with cocfiicicnt rh is identically 
zero through the use of Eq. (4.10). We subsequently drop the terms with coefficients g, rh and 6 
to leave 

Crj,-!^ = ^STt^^ + a.D^'X^ Df,X-^ D^X-' D^X' + h D>'X' Df,X^ D^X-^ D^X-^ 
+ c e'"'^ X^'^D^X^D^X'^DxX^ 

+ dX^■'^X^■'^D^'X^D^X^ + e X^''^ X^ '^ Dt'X^ Df,X^ 
+ f x^^^ X^'^^ X^^^'^ X^^^'^ 

+ idijV'T^'^ D^ijjDf.X^ D^X'^ + iei)T^'D''i:D^X^D^X^ 

+ if vir^'^^^D'^v x"^D^x^ + igi/ir"i:>> x^^^d^x^ 

+ ihTpr^'^iX^ X^ ,'iJj]Dt'X^ D^X^ 

+ ili^T'^'lX^ ,X'' ,iP]Df,X^ D^X-' + i}^r^"'T"[X-' ,X'^ ,iP]Di,X^ D^X^ 
+ ik^PTt'T^''[X^, X^, ij]Df,X^X''^^ + i\ 4>T^'[X^, X'\ iP]D^X^X"^ 
+ ihi>TT^'^[X^ , X^ ,xP]D^X^X^'^^ 

+ zp ^T''^ [X^ , , V'] X^'^^^X^^'*'^ } . (4.11) 

We now give the general starting point for the 1 /Ta/2 higher derivative corrections to the J\f = 8 
supersymmetry transformations which are consistent with mass dimension, 3-algebra index struc- 
ture, parity under roi2 and Lorentz invariance. We assume that the higher derivative scalar and 
fermion supersymmetry transformations are built out of '0, DX and [X, X, X] only. In particular, 
as the Chern-Simons term in the A4 BLG Lagrangian does not receive higher derivative corrections, 
the gauge field strength is not present in the 1/Tm2 supersymmetries. The gauge field variation 
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additionally requires the presence of a 'bare' scalar field. 

Our ansatz for the scalar supersymmetry transformation, to lowest order in fermions, is 



(4.12) 



where 



+ is2{eTJT^'''iJb)D^X'^D,Xi d'"'\ 
+ is^{lT'ijb)D^,XlD^'Xi d'^^'a 
+ iS4{er'ijk)D^X;!D'^Xi d''^, 



(4.13) 



^'iDX^i 



: + is5(er^^^^^r''^(,)£>^x/xf d'^-'a 

+ is6(er^^^r''^(,)D^X,^Xi^^^ d^^^a 

+ is8(er^^^r^^t)i?^x/xi^^ d'"^a 



(4.14) 



S'onxXi = + is,o{eT'^,)X^^'^Xi''^ d'^'a 



(4.15) 



The ansatz for the fermion supersymmetry transformation is 



where 



(4.16) 



+ f2T''T>'eD^XiD,XiD''Xf d''\ 
+ hT^'T^eD^X^D^XiD'^Xi d'""^a , 



(4.17) 



+ UT^V'-eD^X^D^X^Xi 



K vJKM ^bcd 
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+ fsT'^^'^eD^X^D^X^Xi^'^ d'""^a , (4.18) 

+ /loF^r^eD^X/X/^^Xf d^^'^a , (4.19) 

S'oDX% = + fnT^'^'-eXr^Xr^Xr^ d^^\ . (4.20) 
Finally, the ansatz for the gauge field variation, again to lowest order in fermions, is 

5' A^i^a = 7^ i^^'lDX^ti' a + ^'iDX^p'' a + ^'oDX^ti' ) (4-21) 



where 



52DxA^\ = + i9i{eT^T'^j:,)D,XjD''XJgXi d^f^af'^'a 
+ ig2{eT''T'i^,)D^XjD,X'gXi rf^^^d/^^a 
+ ig3{eT"T'^,)D^XjD,XlXl d^f^^F'^K 
+ igi{er'T'ij,)D^X\D-X'lxl d^f^^r^^ 
+ ig5{eT^T^^,)D,XjD-'X'gX'^ d'^^sjcdb^ 
+ ige{er^,^T'^,)D^XjD^X'^X^ d^f^af'^'a 
+ igj{eT^,xT"''i^e)D''XjD^X^Xi d^f^^f^b^ 
+ igs{eT''T''''i^,)D^XjD''XfXi d^f^ar'^K , (4.22) 



S'lDX^^'a = + ig^{er^,T^^^,l^,)D'^X'fXf^^Xi d^^'^.r'^ 
+ igw(eT^,V'^^^,)D^Xjxl^'^Xi d^^^^r'^'a 
+ ig^^{eT^,T^'^,)D'Xjxl/^'xl d'^^^^/^'^^ 
+ ig,2{eV''^'^i;,)D^X'fX^^^Xi d'^^.r^^ 
+ %3(er-^^^Ve)£>M^/^f "^^c d'^^ar'^'a 

+ ig^i{eT^^l,,)D^XjXl'^Xi d^^^df^K , (4.23) 



^'oDxA^'a = + z5i5(eT^rVe)X/^^X/^^Xi d^f^^r'^'a ■ (4.24) 
There are other terms which are consistent with mass dimensions etc. that could be added to the 6' 
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variations however, we can apply the Ai identity = at the level of the supersymmetry 

transformations to find 

abX^'^^^^X-J^-'^-^^ d'""^a = ab{Xi''^^^^X^^^-'''-^'' + X^^'-^'^'^ X + X^'^^''^ X^J"'^'^^) d'""^a , (4.25) 

d-^sjcdb^ ^ a,/3f{xy-'''X^' + X^^'-'-'X;^- + X/^-^^^X/^) d^fa^r^'a , (4.26) 

where a and f3 are either ip, DX or [X, X, X]. Using these identities it is possible to show that the 
additional terms are either identically zero or proportional to terms we have already listed. 

4.2 Invariance of the Lagrangian 

We want to determine the coefficients for which the BLG Lagrangian, given in Eq. (2.37), together 
with its 1/Tm2 correction given in Eq. (4.1f ) is maximally supersymmctric. As the BLG Lagrangian 
is invariant under the lowest order supersymmetries given in Eqs. (2. f 9) - (2.21) i.e. SCblg — Oj 
the full corrected Lagrangian varies into 

~SC = S'Cblg + SC,/T,,, + O [jT^) = &Ci + ^£3 + &C2 + ~SCi + ~SCo , (4.27) 

where we ignore O (^1 / (Tm2)'^) terms. The subscript in SCn enumerates the total number of 
covariant derivatives acting on the fields and because the terms in SCn are independent of those 
in any other SCrm invariance of the full Lagrangian means each SCn must be invariant up to total 
derivatives.^ 

When we insert the higher derivative supersymmetries which are of the form S'xa = ctbPcJd d!"^'^a, 
into the varied kinetic terms in S'Cblg we find Tr is promoted to STr because 

Tr(</)<5'x) = rS'Xa = r ab^c7d ^'^'a = c/^aat/S.^d d""^' = STr{0a^7} . (4.28) 

Inserting the higher derivative supersymmetries into the varied bosonic potential and Yukawa terms 
in S' Cblg requires more manipulation: 

Tr(</)[A,v5,(5'x]) - <l>gXeffS'Xar^''' = <Pg\eVfabPcldd''^\rf''' = -(l^g\e^fat,Mdd''''"'r^\ ■ 

(4.29) 

Using the gauge invariance condition in Eq. (4.5) we can write this as 

Tr(0[A, v?, S'x]) = STr{^^7[A, ip, a] + </)a7[A, V. /?] + M\ iW =■ STr{0[A, ^, a/3j]} . (4.30) 

^There is the possibility that 5C = only after terms are removed using 1/Tm2 x lowest order equations of 
motion (which are 0(l/r^^2))) which case the different SCn are not independent. However, we find for the 
Euclidean theory that invariance does not require use of the lowest order field equations. 



49 



4.2 Invariance of the Lagrangian 



We are now in a position where we can proceed to compute 6C. We start by investigating the 
terms in the variation of the full corrected Lagrangian which contain four covariant derivatives. 
These come from 

+ 4:aD''{SX^)D^X-' D'^X-^ D^X' + 4b D''{SX^)D^X' D^X'' D„X'' 

+ id 5iDX^^^^''' D^iJ)D^X' D"" X'^ + id {jjVV''' D^{5idx^)D^X' D"" X'' 

+ ie5iDX^^T^D''^D^X'D,X' + le^jT^'D" {5idx^j)D^,X' D,X'^ . (4.31) 

Note that the gauge field strength contributes two derivatives through its definition as the com- 
mutator of covariant derivatives. We have also split the lowest order fermion supersymmetry into 
5^ = Sqdx-^ + hoxi^ with 5mxi^ = T^r^eD^X^ and Smxi^ = -iT^'^^eX"^ . The next steps 
in the calculation are to insert the appropriate supersymmetry transformations, canonically reorder 
ip and e using the spinor flip condition Eq. (A. 2) and then commute the worldvolume F-matrices 
through the transverse ones. Doing all this gives 

SC4 = T^STrj - isilV'-^^T^^'D^{il^DxX'' D^X'^)D''X' - is2lV'V^^D^{iljDxX-' D^,X')D'' X'' 

- is^eV' D^,{il)D^X'^ D" X')D^'X-^ - isilV' D f,{i:D^,X-' D"" X-')D^' X' 

- ^fleT"^T''^PT^'Df,^pD^X^ DxX' DpX^ 
+ yier"^r''^Pri'^D^,{D^X' DxX'' DpX^) 

- ^f2eT^T^T''Df,i;DxX-'D^X-'D''X' + ^f2lT^T^T''^D^,{DxX-^ D^X^ D'' X^) 

- ^f3eT^T^T''Df,i:DxX'D^X-^D''X' + '^f3,lT'T^T^'il:D^,{DxX' D^X'^ D"" X'^) 

- ^gie''P''lT'T^i;D,X''D''X'^{Fp,X') - y2S^'P^eT'T'',pD^X-^ D,X'^ (Fp^X') 

- ^g3e''P''erJV'i;DpX-'D,X\Fp^X') - l^g^e^^P-lT-'V-i^D^X' D^X' {Fp„X') 

- y5e''P''irJT^i;D,X-'D''X\Fp,X') - Ig^e^P^lT^V p,x4'D'' X' D^X\Fp,X') 

- yje''P''er"''r^,x^D''X'D^X''{Fp,X') 
-^gse^'P^er"''r''^l,DpX-'D,X''{Fp,X') 

+ iiaeT' D^'i^DpX'' X^ D^X^ + iiheV^ Df'ijDpX' D"" X"^ D^X'^ 
+ ider''^r"r^T''D^i}DpX^ D'^X-' DxX'^ 
+ id er'^r"r^r''i;D'' {DxX'^)DpX^ D^x-' 

+ ieer'T^T''D''ijDf,X^D^X^DxX-' - ieeT■^T^T^'^pD'' {DxX-^)Df,X^ D^X^Y 

(4.32) 

After using worldvolume F-matrix duality (A. 8) wherever e^/"^ occurs and then expanding out the 
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F-matrices (this has been aided by use of Cadabra [73, 74]) we find the appearance of four distinct 
and independent types of F-matrix terms; Y^'^^T^^, , p^F'*'^ and F^. We consider each of 

these types in turn. 

We find the F^'^^^'F^^ terms to be 

5^STr{ + i - si + d) eT"^T^''D''tpDf,X^D^X-^DxX'^ 

+ i (^-2si + dj lT^'^^T^'''iJjD''{D^X^)D^X'^DxX^ 

+ I (-58) lT''"'T^^ijD^X' D'' X' {F.xX'')^ . (4.33) 

The first two lines combine to form a total derivative if they share the same coefficient. Hence we 
require — f /i — si + d = The two remaining terms are invariant if si = +|d and = 0. 

The value for si allows us to identify /i = +gd- 
The Y^-'^ terms are 

^STr{ - ideT^'"^i^Dt'{D''X'^)D^j,X^D^X-^ + igr eV"^ ^PO" X'^ D^X'^ {F^xX')^ 
= T^STrj + i{-d + 2gT)eT"^i;D''{D''X^)Df,X'D^X'^^ , (4.34) 

where we have made use of the definition F^^X = [D^,D^]X and relabelled dummy Lorentz 
indices. Invariance of the Y^'^^ terms then follows if 57 = +id. 
After some manipulation the F^F'^^ terms are 

5^STr{ + i (-i/2) (T'T^^D^,^^DxX'D,X'D''X' 
+ i (T'T^^i:D^{DxX')D,X'D''X' 
+ i (+5/2 - d) IT'T^^^DxX-' D^{D,X')D'' X' 
+ i (+5/2 + e - S2) iT'T^^'^i^DxX^ D,X-^ D^^D^X') 

+ i (-i/3) lT'T^^'D^'^}JDxX'D,X■'D''X■' 

+ i (-i/3) (T'T^^'^jD^{DxX')D,X'D''X' 

+ i (+5/3 + + \s2) eT'r^f^^DxX'D^{D,X''D''X-') 



+ i i^-d e .S2 j eT^T^'' D^ijDf.X^ D^X-' DxX-^ 

+ i (+5/2 + 533 + 554 + 555) eT'r^''ij{F^xXJ)D''X'D,X'^ 

+ i (+5/3 + 531 + 552) eT'T^''^{F^xX')D,X^D-'XJ 

+ i (_d - S2 - 53) er'r^'^^{F,,,X-')DxX'D-'X-' 
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+ 54) eV'V^i''4}{F^,XJ)D''X'D),XJ^ . (4.35) 



The first seven lines can be written as two distinct total derivatives provided 



- i/2 =+i/2-d = +i/2 + e-S2, (4.36) 

-lh = +lh + kd+ls2. (4.37) 

The remaining terms vanish if 

= -d-e-S2, (4.38) 

= +i/2 + i53+554 + iff5, (4.39) 

= +lf3 + yi + l92, (4.40) 

= - d - S2 - 53 , (4.41) 

= - e + S2 - 52 , (4.42) 

= + d - 34 ■ (4.43) 

The solution to these simultaneous equations is 

/2 = +d, /3 = -|d, S2 = 0, e = -d, (4.44) 

51 = -id , g2 = +d, 53 = -d , 34 = +d , 35 = -d . (4.45) 
Finally, the terms can be manipulated to arrive at 

5^STr{ + i (-i/2 - S3 + 4a - d + e) eV' D^tpD^'X' D/^X-^ D^X-^ 

+ « (+5/2 - S3 - e) eT'iPD^{D''X')Df,xJD,X'^ 

+ i (+i/2) er'^l;D''X'Df'{D^xJ)D,X^ 

+ i (+5/2 - S3 - 36 - d) eV'^l,D''X'D^XJD^{D,XJ) 

+ i [-\h - S4 + 4b + d) eT'D>''4)D^X'D,X-^D''XJ 
+ i (+1/3) eT'i,D^'{D^X')D,X'D-X' 

+ i (+5/3 -Si+ ye + 5d) eV'i^D^X'D^iD^X'^D-'X'^)} . (4.46) 
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We see that the first four Unes combine to form a total derivative if 

- 5/2 - S3 + 4a - d + e = +i/2 - S3 - e = +^2 = +5/2 - S3 - ge - d . (4.47) 

The last three lines form another total derivative provided 

- 5/3 - S4 + 4b + d - +i/3 - +i/3 - S4 + ^56 + id . (4.48) 

Using the values for /2, /a and e in Eq. (4.44) we can solve these latest simultaneous equations to 
discover 

S3 = +d, s4 = -id, .96 = -2d, a = +d, b = -id. (4.49) 

To summarise, the four covariant derivative terms £4 are invariant up to boundary terms if the 
coefficients in the Lagrangian and supersymmetry transformations are given by 

a = +d, b = -id, e = -d, (4.50) 

/i=+id, /2 = +d, /3 = -id, (4.51) 

si = +|d, S2 = 0, S3 = +d, S4, = -^d, (4.52) 
9i = -^d, 52 = +d, .93 = -d, 54 = +d, 

95 = -d, 96 = -2d, 57 = +id, 58=0. (4.53) 

The coefficients in Eqs. (4.51) and (4.52) satisfy the relations previously found by Low [72]. 

We now consider the terms in S'Cblg + ^^i/Tm2 "which contain a total of three covariant 
derivatives. These are, 

^£3 = T^STrf - D^{5[i,xX')D^X' + S'^o^A^X' D^^X' 

-t- 2^ ^ p<j"lDX^ti 

- iaSAf^X' D^X-' D" X-' D^X' - 4b SA^'X' D^X^ D^X'' D^X'' 

+ 3c ef""^ [SX^, X\ X^']Df,X^D^X'^DxX^^ + 3ce^"'^ X^'"^ D^idX^)D^X'^ D^X^ 

+ ^d 5oDxi'r''T'''D,yjD^X'D''X'' + id ^jT^T'-^ D,{5odx^)D^X' D" X'' 

+ ^eSoDX^T^'D''^Df,X^D,X' + ^e^p^^'D•'{SnDX^)Df,X^ D,X^ 

+ iiSiDx4>T"^^D^il; X'-'^^D^X^ + ii i^V"^^ D^{5idx^)X"^ D" X^ 
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+ i\5xDxi^T^'''[X^ ,X-\i;]D^,X^ D,X-^ + il^JT^'''[X^ ,X^\5iDX^]D^X^ D,X'' 
+ i]5iDxi^T>^''T"[X' ,X'' ,^^]D^X' D^X'^ 

+ iUT^^-T''[X'\x'' ,5^Dxmt.X' D^X''^ . (4.54) 

Once again we insert the appropriate supersymmetry transformations, canonically reorder if) and 
e using the spinor flip condition Eq. (A. 2) and then commute the worldvolume F-matrices through 
the transverse ones. The rcsuh is 

STr{ - iS5er"^^'^Tf'D''{iPD^,XJx^^^)D^X^ - iSG£T'^^'^rf'D''{iPDf,X^ X^^^^)D^X' 

- is7er-'^'^'r''D''{ijD^X-'x'^'^')D^X' ~ iss€T'^'^^r''D''{ipD^X-^X-'^'^')D^X^ 

- isgeT^^T^'D''{i}jD^X-'X^-^^')D^X^ 

- igleT■^V^'^P[X^' , X^ , D^'X']D^X'^ D" X^ - ig2lT-'T'''4}[X'' , X' , D^'X^]Df,X^ D^X^ 

- igser^T'^^PiX^, X\ D^'X^]D^X'' D„X^ - ig^ir'Vi^iX^ , X^ , Dt'X^]Df,X^ D^X ' 

- ig5eT-^T''i}[X^,X^, D ^X']D^X'' D" X^ - igeer'r>"'^ij[X'^ , X' , Df,X']D^X-' DxX'^ 

- ig'reT-^^^T'"'^i}[X-^, X^ , Df,X^]D^X^ DxX^ - iggeF-'^^r'^Vi^'^ X\ D''X']Df,X^ D^X^ 
+ y4ir"'^^'^^r''^r^'Df,^pD^X' DxX'' X^^'^^ - \filT"'^^^'T''^Tt'i}jD^{D^X^ DxX'^ X'^^^'^) 

- y5er'^^'^'r''^r''Df,tpD„x'DxX'^x-'^^'' + |/5er^^*^r''^r^7/;D^(L'^x^L'A^^^-'-^^0 

+ IfQlT^'V^Tf'D^ijjD^X^ DxX^ X^'^^^ - ^feeT^^T''^T'''iJjDf,{D^X'^DxX^X''^^^) 
+ IheV'^^^^V^'D^ii^D^X'' D" X'^ X^^''' - lJ-jlT'^^^^V^'ijD^{D^X'' X'^ X^^''^) 
+ If^lV'^^^'^T^'D^iPD^X-^ D'' X^ X^^''^ ~ U^lV'^^^^T^'ijD^iD^X-' D'' X^ X-'^''^) 

- ifi£r'^^'^^r^-'r'"'^[x' ,x-' ,',p]Df,x^ D^x^DxX'^' 

+ yier'^^'^'T"r''''^ij[X',X\D^X'^D^X^DxX'^'] 

- |/2er^r^'^P'[X^ X\ ij]D^X^D^X^D''X^ 

+ |/2er^r^"'r^V'[^^ Df^x^D^x^n^x^] 

- |/3er^r^'^p'[x^ x\ tP]d^x^d^x^d''x^ 
+ i/aer^r^-'r^vi^^ d^x^d^x^d'^x^] 

+ ^gne''P^eT^'r^,^pD''X-'x'''^'{Fp„X') + |gi2e^^'^er^^*^Vi?M^'^'''''*'(-F'p.^') 
+ yise^P'^eT'^^'^^D^X'' X^^^' {Fp„X') + ^gue'^P^eT^" il^D^^X-^ X'-^'^' {Fp„X') 

- 'iiaer'^r^'lX^ ,X' ,^P]DpX-^D''X-^D^X' - 4:iher'^r>'[X^ ,X^ ,i:]DpX'D''X-^D,,X-^ 
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+ Sic e''"^ eT'[ip, X-\ X'^]Di,X' D^X'' DxX^ + Sice^""^ IV' D^^^D^X'^ DxX'^ X'''^ 

- lder^^'^'r"T^'D^tl;D^X'D''X'^X''^^'^' - ldeT'^^"T"T^'%l;D^{X^^^'^)D^X^ D"" X'^ 

- lelT'^^^^V^'D''ijD^,X^ D^X^ X'^^^^ + ielT^^''^Tt'i>D'' {X^^^^)D^,X^ D^X^ 

+ iieT^'T''^^^T^'D^ijX^-^'^D''X^Df,X^' + if er'^'r"^^T^'i;D^{Df,X^')X"'^ D" X^ 

+ igeT^T^'^T''D^il;X^-'^D"X^Df,X^ - i^lT^T^■^T^'i}D^{D^,X^)X^•^^ X^ 

+ ih eV^T^''T''[X'\ X^, il)]D''X^D^X'^Df,X^ ~ iher^r^"^r^i/'[^"', X^ ,D^X^]D'' X^ D^X' 

+ i\ er^r^r^''[X'^, X'\ iP]Di,x'd^x-'DxX^ - il er^r^T^"'i:[x^, x-\ DxX'^]d^x'd^x-' 

+ ij eV^T'''T^T^'''[X'\X^ ,iP]D^X' D^X^ DxX^ 

+ ileV^T''^T^T^"'^j[X'' ,X^ ,DxX^]D^,X'D^X^^ . (4.55) 

We have omitted the calculations due to their length (they can be found in appendix B) however, 
after using worldvolume dualisation and performing the F-matrix algebra we find all the terms 
in 5C:i can be assembled into total derivatives or made to vanish through the gauge invariance 
condition in Eq. (4.5). As in (^£4, this requires the coefficients to satisfy certain constraints. Using 
the coefficient data from (^£4 we can solve these additional simultaneous equations to find that 5Cz 
is invariant if 

c = +|d, f = +id, g = -id, h = +d, i = -d, j = -d , (4.56) 

/4 = +j^d, /5=0, /6 = -id, /7 = -i^d, /8 = +id, (4.57) 

S5 = +gd, S6 = 0, S7 = 0, S8 = 0, S9 = +d, (4.58) 

59 = 0, gio = +5d, 511=0, 512 = 0, 513 = 0, 514 = +d . (4.59) 

Demonstrating invariance of the terms 5C2, (5£i and 5Ca proceeds analogously to 5Ci and 
5C^ only now the presence of two or more 3-brackets means we can manipulate terms using the 



fundamental identity in Eq. (2.25) as well as the identities in Eqs. (4.9) and (4.f0). We find 
invariance of 5C2 is achieved if, 

d = +d, e = -id, k = +id, i = -5d, n = -id, (4.60) 

/9 = -j^d, /io = +id, (4.61) 

sio = -j^d, sii = +id, (4.62) 

5i5 = -j^d. (4.63) 

The additional constraints from invariance of the 5Ci terms are p = — jd and /n = +^2 
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whilst the SCq terms require f = +f^d- 

We have been able to determine all the arbitrary coefficients in the order l/T/\/2 Lagrangian 
and supersymmetry transformations up to a scale factor parametrised by d. The numerical value 
for d can be fixed by reference to the action for a single M2-brane in Eq. (4.2). We have seen in 
moving from a single M2-brane to multiple M2-branes the lowest order scalar kinetic terms are 
generalised as 

- ^^f,X^^^'X' Tr( - ^D^X^D^X^) . (4.64) 
It seems reasonable that the 1/Tm2 corrections in Eq. (4.2) have a similar generalisation so that 

+ {d^X^d^'X^d^X^d'^X-^ - Id^X^d^'X^d^X^d'^X-'^ 
T^STrl^ + ^Df,X'D''X-^D^X^D''X-^ - ^Df^X' Df^X^ D^X"^ D" X"^^ . (4.65) 

Thus, comparing with the 1/Tm2 ansatz in Eq. (4.11) we find a = +d = +i and b = = ^| 
which implies d = Having fixed the scale parameter the remaining numerical values of the 
coefficients are^*^, 



Sl 




fl = 


+ ± 


91 = 


1 

8 ' 




32 


-0, 


/2 = 


+ 1 


92 = 


+ h 


b = -^ 


S3 




/3- 


1 

8 ' 


93 = 


1 

4 ' 


^ = +h 


S4 


1 

8 ' 


/4 = 


^48 ' 


94 = 


+ h 


d = +i, 


35 


' 24 ' 


/5 = 


0, 


95 = 


1 

4 ' 


e - 

^ 24 ■ 


S6 


= 0, 


/6 = 


3 

8 ' 


96 = 


1 

2 ' 


^ ^ 288 


37 


= 0, 


/7 = 


1 

48 ' 


97 = 


+ h 


d = +l, 


38 


= 0, 


/8 = 


+ h 


98 = 


0, 




39 




/9 = 


1 

48 ' 


99 = 





f = +2l. 


SlO 


„ 1 

48 ' 


/lO = 


= +i- 


510 = 


= +i^ 




Sll 






'288 ' 


511 = 


= 0, 












512 = 


= 0, 












513 = 


= 0, 


j 4 : 










514 = 


-+h 


k = +|, 










515 = 


1 

48 ' 





(4.66) 



IOt 



"^In comparing our results for the Lagrangian coefficients to those of [70] we find some differences: although the 
values for the coefficients a, b, d-f and d-g match, in [70] nonzero values are assigned to m and 6 whereas we 
have found they should be dropped from the A^i Lagrangian. For the remaining coefficients, c and h-p, we find the 
absolute values match but that there is disagreement over signs. 
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4.3 Closure of the Superalgebra 

We have seen that the higher derivative corrected Euchdean BLG theory is invariant under our 
supersymmetry ansatz. However, for a truly supersymmetric theory the supersymmetry transfor- 
mations must close on-shell on to translations and gauge transformations. In this section we show 
the superalgebra does indeed close for the coefficients listed in (4.66). In the absence of cubic 
fermion terms in S'X^ and S'A^^'^a and quadratic fermions in 6'tpa we are unable to close on the 
fermion field. 

We present only our results here as the detailed calculations are long (more details are given 
in appendix C). Our methodology in the closure calculations is the same for both the scalar and 
gauge fields and we detail it here. We first separate out certain terms according to their number 
of covariant derivatives and then insert the relevant supersymmetry transformations. Next, we use 
the relation {F^, V'} = to group all worldvolume F-matrices together and then expand them out 
using the Clifford algebra relation. Following this, we perform the (1 2) antisymmetrisation in 
the supersymmetry parameters making heavy use of Eq. (A. 3). The transverse F-matrix algebra 
is performed next and our calculations have again been helped by using the symbolic computer 
package Cadabra [73, 74]. Finally, we simplify the remaining expressions wherever possible using 
the identities in Eqs. (4.25) and (4.26). 

4.3.1 Closure on the Scalar Fields 

The full supersymmetry transformations can be written a,s S ^ S + 6' where d are the lowest order 
variations and S' are the 1/Jm2 corrections. Closure on the scalars then takes the form 

[6,rS2]Xi = [SuS2]X[ + {5,6'^ + 5'MXi - iS,S[ + S!,S,)Xi + [S[,S',]Xi . (4.67) 

The lowest order commutator, [(5i,(52]X^, closes on to translations and gauge transformations [13] 
as we have seen previously. The commutator [S[, S'2]Xl is 0(Tj^2) and can be ignored because we 
are not considering the corrections to the supersymmetry transformations. The remaining 
mixed terms, {6162 + S[d2)X^ — (52<^i + S2Si)X^, are the focus of this section and must be zero for 
the algebra to close. As closing on the scalar field does not involve use of the equation of motion the 
mixed terms must be zero either through symmetry arguments or by constraining the coefficients to 
be zero. Performing the supervariations we find that the resulting terms can be grouped according 
to the number of covariant derivatives they contain. To begin, we consider terms which involve 
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three covariant derivatives, 

Tm2 (SiS'^Xi + 6[62Xi)3DX -(1^2) 

= + ^(6/l - 2si - 2s2){e2r'''T^''\i)D^Xl,D,X;;D^X!^ d!>^\ 
+ i(2/2 + 2S2 - 2s3){e2T''e^)D^XiD,XiD-Xi d'^^a 
+ i{2fs - 2s2 - 2s4){e2T^e^)D^XlD,XiD-Xi d"'"^ . (4.68) 

Closure requires each of these terms is zero. Hence, 

/l= + |si + 5S2, /2 = -S2 + S3, /3 = +S2 + S4. (4.69) 

Next, we consider terms which involve two covariant derivatives, 

Tm2 {SiS'^X^ + 6[S2X'j2DX -(1^2) 

= + i(6/4 - Si + 2s7)(e2r-^™r'''^ei)D^X/7?,Xf d'^^'^a 

+ *(4/4 - is2 - 2s5 - 2s6)(e-2r''^^^r^"^ei)i?^X,^i?,X/xf d'^^ 

+ i{2h + 2si - 6S5 + 2,S8)(e-2r^^^^r^'^ei)i?^X/i?,Xf X/^^ d^^^a 

+ i{2U + 2si + 2s9)(e2r''-ei)2)^X/D,Xf Xi-^^ d''^'^^ 

+ i(6/7 - S4 + 2sr)(e2r-^^ei)£>^X,^£)''X,^X,"^ rf^^'^,, 

+ i(2/8 - S3 + 6S6 + 2s8)(e2r^^ei)D^X,^£>'*X/X/^^ d*^''^ 

+ i(-4/8 + 4sr + 2s9)(e2r^^ei)D''X/D^Xj^Xi''^ rf^^''^ . (4.70) 

These two derivatives terms are then zero if 

/4 = gSi - gST , fi = j^S2 + 5S5 + , (4.71) 

/5 = -Si +3S5 - S8 , /6 = -Sl-S9, /? = gS4 - gS7 , (4.72) 

/8 = 5S3-3S6-S8, /8 = S7 + |S9. (4.73) 

The terms which involve a single covariant derivative are 

Tm2 {SAXi + d[d2Xl^)iDX -(1^2) 

= + i(2/9 - 2S6 - 2sio)(e2r^ei)i?^X,^X/^^Xi^^ rf^^'^a 

+ i(2/io - 2sr - 2ss - 2sn)(e2r''ei)£>^X,^Xi^^Xrf^^^ d"^'', . (4.74) 
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Closure requires 

/9 = S6 + Sio, /lO = S7 + S8 + sii • (4-75) 
Finally, we consider those terms which contain no covariant derivatives, 

Tm2 (SiS'^Xi + S[62Xi)oDX - (1 4^ 2) 

= + ^ (6/n - sio - Isn) {e.T''' e,)Xt"' X^''^ X^''^ d'^\ , (4.76) 

and we require 

hi = gsio + j^sii . (4.77) 

It is easily verified that the conditions for closure are satisfied when the / and s coefficients 
take the values found in (4.66). 

4.3.2 Closure on the Gauge Fields 

Closing the algebra on gives 

[SiMh^a = [5u52]A^\ + (<5i<5i + 5'MA^\ - {525[ + <5i5i)i/a + [<5l,<5^]i/a ■ (4.78) 

As for the scalar field, the terms in [6'i^5'2\A^^ a can be ignored. The lowest order terms may be 
written as 

[^1,^2]^^^ = + 2i(e-2r^ei)e^,A (\ef^^Fp,\ + Ea,^,) - 2i{l2T ijt^)XlD ^Xj r''\ , (4.79) 

where E^^a^ is the lowest order gauge field equation of motion. From the presence of covariant 
derivatives in the higher derivative Lagrangian it follows that the gauge field equation of motion 
picks up \/Tm2 corrections. Hence for on-shell closure we require the mixed terms make the 
following contribution to the higher order equation of motion 

(<5i<Si + 5'MA^\ - (1 o 2) = + ^^{i^T'^e,)e^,xE'A,., (4.80) 

= + 7f^(e2r''ei)e^.A( + AB^D^XiDPXjDpXlxi) d'fa^r<i\ 
+ 5f^(e-2r''ei)e^,A( + ^hD^XlDPXj DpX'^Xi) d^fSdh'^'a 
+ — 
+ — 



{e2r''e,)ep,x[ + iceP^^DpXi D,Xf Xl'^ Xi) d-fa^r'\ 
(e2r''ei)e^.A( + (fd + 2e) d^fSdh'^'a 
Oii^'), (4.81) 
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with all others terms in {5id2 + S'id2)Af^''a ^ (1 2) being zero. Once again, the closure terms can 
be neatly split according to their number of covariant derivatives. We first consider terms which 
involve three covariant derivatives, 

Tm2 {S^A^'a + S[d2A^''a)3DX -(1^2) 

= + z(2/2 - 2.g5 - 2ge)e^,.^{e2T''ei)X'^DPXiD^XfDpXgU''^Sdr'"'a 
+ i{2h - 2.gi + 2ge)e^,).{e2T''ei)XiD^XiDpXjDPX'^d''fa^rdb^ 

+ z(~2.92 + 2.93 - 2gQ)£,xp{l2T''ei)XlD^XlD^XjDPX'g d'^fs^r'"', 

+ i{-2gs + 2.95 - 2gs){e2r-'''ei)D^X;!D,XfD''X'gX'^ d^f^^rdb^ 

+ i{-6.h + 2gr + 2gs)e''^P{e2r'-"'''Tpei)X'^D^X^ D^Xf D^X^ d^fs^f^db^ 

+ i{2h - 2.91 - 2g^){e2T'''e^)XiD^X'lD,XfD"X^ d^f^jcdb^ 

+ i{2f2 - 2g2 + 2gs){e2T"'e^)XiD^XiD,XjD''Xf d'^^'i^ df'a ■ (4.82) 

The first and second terms form part of the higher derivative equation of motion and after com- 
paring with Eq. (4.81) we find 

2/2 - 255 - 25e = 8a , 2/3 - 2gi + 2ge - 8b . (4.83) 

The remaining coefficients must be zero for closure of the superalgebra. Hence, 

fi = I97 + 558 , /2 = 52 - 58 , /a = 51 + 58 , (4.84) 

52 - 53 + 56 = , 53 - 55 + .98 = . (4.85) 
Next we consider terms which involve two covariant derivatives, 

Tm2 {SAAp'a + S[52A^'>a)2DX -(1^2) 

= + z(4,/6 + 2.98 - 2.9n - 2g,4){e2r''e,)X^D^X-^ D^Xf Xy^" d^^^d/^*,, 

+ z(2/5 + 2fe - .96 + 237 + 6gg)e^,x{e2r''''ei)X'^D-' X'^D^X-f X^"""^ d^^^dr^'a 
+ + 4.97 - 4510 + 2gn)e^.x{e2r"'^e,)X^D''X-^D^Xfxy'' d^f^dr^^'a 
+ 1(2 fs + .95 - 6<79)(e-2r^r^'^^^ei)X,^i?''X/i?,Xf 

+ i(12/4 - 2/5 + 53 - .98 + 6gg){e2r''T'-'^^'e,)X'^D^X;!D,XfX^^'' d^f^dr'^'a 
+ z(-12,/4 + 2/5 + 54 + .98 - 6gi2)ie2r-T"''^e,)X'^D,X-^DpXfX^^'' d^f^df^'a 
+ *(12/4 - 58 - 2510 - 2g^:,){l2T''T''''^^'e^)XiD^X'lD,Xfxl'^"' d'f<^dr'\ • (4.86) 
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4.3 Closure of the Superalgebra 



The first term contributes to the gauge field equation of motion. After multiplying out the e-tensors 
in Eq. (4.81) we find that closure on-shell requires 

4/6 + 2(78 - 2ffii - 2gi4 = -12c . (4.87) 

The remaining terms are zero provided 

h = T29S + iffio + g5i3 , (4.88) 

6/4 - /5 = -553 + 558 - 359 , 6/4-/5 = 554 + 558-3312, (4.89) 

/s = -57 + 510 - 5511 , (4-90) 

/s + /e = 556 - 57 - 359 , /s = -555 + 3.99 . (4.91) 
The terms which involve a single covariant derivative are 

Tm2 iSiS'^A^\ + S[d2A^\)iDX - (1 o 2) 

= + j(2/9 + i/10 + 2^9 + §510 - 2g,5)ie2T-e,)e^,xD^Xixj'<^X;;'''^X^ d^^^df^'a 
+ *(2/9 - §513 - 2g,^){e2T'-U,)D,Xixf^^'xf^^'xi d'^^^^r^'a 
+ z(2/io + 2gi3 - 9u)ie2r'^''e,)D^X^Xy^X^^^'xi d^fa^r''\ . (4.92) 

The first term forms part of the gauge field equation of motion. Comparing with Eq. (4.81) we see 
that 

2/9 + f/io + 259 + §510 - 2515 = +|d + 4e . (4.93) 
The remaining coefficients must be zero hence, 

/g = g.gi3 + 515 , /lo = -513 + 5514 • (4.94) 
Next we consider terms which involve no covariant derivatives, 

Tm2 {5i5'^A^\ + 5[52A^\)oDx -(1^2) 

= + I (2/n - 1515) (e-2r^r"^^6i)X/^^Xf ^Oxf ^OX,^ d^'f^df^'a ■ (4.95) 

At first sight we should take the coefficient to be zero however, using the identity (4.26) we can 
show that the term is zero independently of its coefficient and consequently this part of algebra 
closes automatically. 
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4.4 Summary of Results 



Once more it is easy to verify that all the gauge field closure conditions are satisfied by the 
coefficients listed in (4.66). 

4.4 Summary of Results 

In summary, we have found that the maximally supersymmetric higher derivative corrected La- 
grangian of the A4 BLG theory, to lowest nontrivial order in fermions, is 

C = Cblg + tL^'^^I + 3 D''X'D^X^D''X''D^X' - | Di" X^ D^X^ D"" X'^ D^X'^ 
+ \ ef"'^ X'^^'^Df.X^D^X-^DxX'^ 

+ \ X"^X^-^^D^X^D^X^ - X^'^^X^-^^Df^X^D^X^ 

I 1 vIJK yI JK yLMN ^LMN 
+ 288 ^ ^ ^ 



4 



^ppp/,/^,.^^^^/^^^j _ J ^Y''D''i;D^X'D^X' 



+ ^ i/ir^'^^^D'^V X"^D^X^ - I ijV^D"^ X^'^^D^X^ 
+ \ ^V"{X\ X^, i)]D''X^D^X'^ 

- l^T''''[X',X^,4,]D^X'D,X'^ - li;rf'''T"[X-\x'',^j]Df,X'D,X'' 
+ ^^PT^'T^■^[X^,X^,'lJJ]D^X^X■'^^ - ^ijjTt'lX^ , X'\^Jj]Df,X^ X^-'^ 

- ^^^}T^'T^■'[X^,X^,'lJJ]Df,X^X^■^^ 

_ _i_^r^-^[X^,X^,^]X^^*^X™} , (4.96) 

where Cblg was given in Eq. (2.37). The preceding Lagrangian is invariant under the following 
A/" = 8 supersymmetry transformations; 

SX^ = ^{e^'^,) + + l{er''^r^-'^t)D,X^'D,X^ d'^\ 

+ l{erJA)D^X^D'^X;^ d^^^a 

- l{er'i:b)D^XiD^^Xi d^^^ 

+ ^(er^^^^*^r'^Vb)z?^x/xf d^^-^a 
+ |(er*^r^^fc)i?^x/xi-^*^ d''^^ 

- ^(eTVb)^/^^^/^^ d'^'a 

+ |(eT^^,)X/^^Xf^^ d''-\] , (4.97) 



\V''V^eD^XiD,XiD''Xf d'^-^ 
iT^^T^^eD^X^D^XiD'^Xi d'''^ 
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4.5 Conclusions 



I 1 j^JKLMNj^iiu ^ n vJ ri vK vLMN jbcd 

+ lT^^^eDf,X^D^'XfX^^^d'"''^a 
- ^V'Vi'eD^XiX^^^X^'^^ d'"'\ 

+ gigr^o^eX.^^^X/^^Xrf^o^ d^^''4 , (4.98) 



- i{^''T'i,,)D^XjD,XlXi d'^^sjcdb^ 
+ \{er-'T'i^,)D^X]D''X'lxi d^f^dr^^'a 

- i{er^T'ij,)D,,XjD''Xlxi d^f^^rdb^ 

- i{er^,xC'i}e)D''XjD^XlXl d'f^df""'a 

+ i{eT^,xV"''^l:e)D"XjD>^XfXi rf^^^d/^'^^ 

+ i{eV''i,,)D^Xjxl'''xi d'fOdf^K 

- ^(er^rVe)^/''^X/''^^i d'^f^ar''^} . (4.99) 

4.5 Conclusions 

In this chapter we have determined the four-derivative order corrections to both the supersymmetry 
transformations and Lagrangian of the A4 Bagger-Lambert-Gustavsson theory. Supersymmetric 
invariance of the Lagrangian requires that the arbitrary coefficients in the system arc fixed up to 
an overall scale parameter and by reference to the Abelian DBI action for a single M2-brane, the 
scale parameter is itself fixed leading to definite numerical values for all the coefficients. We have 
also shown that the supersymmetry algebra closes on-shell on the scalar and gauge fields at linear 
order in the fermions. With the coefficients we have determined, it can also be demonstrated that 
the presence of higher derivative corrections in the fermion supersymmetry does not modify the 
BPS equation. 
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5 Periodic Arrays of M2-branes 

One of the early results of the M2-brane theories [12-16]^^ was that their relation to D2-branes 
arises by a 'novel Higgs mechanism' [30] where, far out on the Coulomb branch, the nondynamical 
gauge fields 'eat' a scalar so that the theory is described at low energy - low compared to the vacuum 
expectation value (vev) on the Coulomb branch - by three-dimensional maximally supersymmetric 
Yang-Mills (3D-SYM). On the other hand, at least naively, the most straightforward way to reduce 
from M2-branes to D2-branes is to compactify one transverse dimension on a circle. This can be 
done by considering an infinite array of M2-branes with equal spacing between them along some 
direction. Such arrays of D-branes were considered in [75] within the context of T-duality and 
therefore it is of interest to extend this discussion to the case of M2-branes. 

At first this would seem to be a clear-cut and well-defined goal. After all the ABJM model [16] 
allows us to consider an arbitrary number of M2-branes located in any configuration in C*/Zfe. We 
can therefore use this to describe an infinite periodic array. In particular the vacuum is described 
by the scalar field vev: 



/ 



V 



-1 



(5.1) 



where A' = 1, 2, 3. Note that each entry should be viewed as multiplying an M x M identity matrix 
corresponding to M M2-branes located at each site. This configuration is illustrated in Figure 1, 
where we have also indicated the action of the inherent Zfc orbifold. One might worry about the 



o 



o 



o 



o 



2-K 




Figure 1: The array of M2-branes 



'^For a review see [19]. 
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effect of this orbifold liowever tliis could in principle be avoided by taking fc = 1. Although this is 
strongly coupled we might expect to recover a weak coupling expansion by taking the periodicity 
2ttR small and thus reducing to type IIA string theory. 

On further reflection more serious difficulties present themselves. Although the vacuum configu- 
ration of an infinite periodic array is readily accommodated for in the ABJM model, the dynamics 
of the array come from considering an additional orbifold that imposes a discrete translational 
invariance along the array, as was done for D-branes in [75]. But in the ABJM model this transla- 
tional invariance is broken and, even for fc = 1, it is not a symmetry of the Lagrangian. Rather, the 
restoration of this shift symmetry at fc = 1 is through nonperturbative effects involving monopole 
('t Hooft) operators [76]. Another issue is that the classical Lagrangian analysis gives spurious 
massless fluctuations whenever two M2-branes lie at the same distance from the origin, which are 
expected to be lifted by nonperturbative effects [77]^^. 

Another puzzle is that in the D-brane analysis taking a periodic array leads to an inflnite tower 
of massive states. These have a natural interpretation in string theory as the Kaluza-Klein (KK) 
modes of the T-dual D-brane that is wrapped on a circle. But when taking such an array in M- 
theory one would not expect to find an extra tower of KK-like states of D2-branes. What happens 
to these modes? 

Nevertheless, even with all these difficulties, since the ABJM theory is supposed to describe an 
arbitrary number of M2-branes, and at least for large fc it is weakly coupled and perturbatively 
reliable, there ought to be some prescription for studying the periodic array and obtaining a suitable 
description of D2-branes, and more generally Dp-branes, from M-theory. The aim of this chapter 
then is to do just that. We note that there are also other papers that relate M2-branes to Dp-branes 
[36, 41, 78, 79]. 

Another motivation for studying arrays of M2-branes is that one might expect that a cubic 
periodic array of M2-branes could somehow be related via an M-theory version of T-duality, to 
M5-branes wrapped on T'^. 

The rest of this chapter is organised as follows. In section 5.1 we discuss the M2-brane array 
and the way in which we impose discrete translational invariance on the ABJM theory and the 
regularisation method that we use. In section 5.2 we then evaluate the Lagrangian to obtain 
the Lagrangian for the periodic M2-brane array. In section 5.3 we show how this Lagrangian is 
related to that of three-dimensional maximally supersymmetric Yang-Mills and hence D2-branes 
in string theory. In section 5.4 we consider a further T-duality along a transverse torus which 
maps our result to a non-manifest-Lorentz invariant five-dimensional Lagrangian which is similarly 
related to five-dimensional maximally supersymmetric Yang-Mills. Finally in section 5.5 we give 
our conclusions. 

^^Although in the case at hand this problem seems to be washed-away by the sum over the infinite array. 
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5.1 Set-up 



5.1 Set-up 

The ABJM Lagrangian is 



J^ABJM = -TriD^Z^Df^Z^) - tTri^^-f'^D^'fA) + Cyukan^a -V + Ccs. (5.2) 



where 



D^Z^ =d^Z^-iA]:^Z^ + iZ^A'^, (5.3) 

V ^^'^-Tr(^Z^,Z''-Zc][ZA,ZB-,Z^]-]^[Z^,Z^-ZA\[Zc,ZB-.Z^]^ , (5.4) 

CYukau,a = ~ iTTi^^[-^A, ; Zb]) + 2^Tr(^'^ [^-5 , ; Za]) 

+ '-SABCDTri^^iZ'', Z^'; *^]) - ^e^^^^Tr(Zi3[^'A, ^-s; ^c]) , (5.5) 

Cos -^e^^' (Xr (A^a.^i - f A^^Mi) - Tr i^A^d.Af - f , (5.6) 



and 



9-7r 

[Z^,Z^;Zc] - ^{Z^ZcZ^ -Z^ZcZ^). (5.7) 



At this point we should mention our conventions. Firstly A,B = 1,2,3,4, A',B' — 1,2,3, 
/i = 0, 1,2 and ^a ~ '^'aIo, where 7^ are a real basis of the three-dimensional Clifford algebra. 
We raise/lower the SU (4) A, B indices when taking a Hermitian conjugate. To describe an infinite 
array of M2-branes we need to consider infinite matrices .^^„, where m, n S Z and, for each m, n, 
Z^j^ is itself an M X M matrix. We use Za to denote the Hermitian matrix conjugate of the 
full infinite-dimensional system: in components {ZAjmn = z\^^, where f denotes the matrix 
Hermitian conjugate of the internal M x M matrix. 

The maximally supersymmetric vacua of this Lagrangian consist of commuting scalars. Hence 
the configuration (5.1) is indeed a good vacuum and describes M M2-branes located at Im Z^ = 27rm 
for every n ^7L. The infinite array is invariant under the shift symmetry Z^ ^ Z^ ^ I'KiK: 

{Zij ^ {Ztj+27TtR5mn (5.8) 

= 2T:iR{n + l)dmn (5.9) 
= {Zt+m+i)- (5.10) 

Next we need to impose the above finite shift symmetry on the whole theory, including the fluctu- 
ations. We can think of this as an orbifold action on M2-branes where the orbifold group is F = Z 
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5.1 Set-up 



acting by 

and similarly for the other fields. We must then consider configurations of M2-branes that are 
invariant under the action of V , with the exception of which is allowed to carry integer 'winding 
number' along the array: 

^mn = 27rzi?5f (5m„ + Z(^j„;^)(„_;^) , (5-12) 
^fi mn ~ (m-l)(n-l) I ^/^mn = ^^(m-l)(n-l) > (5.13) 

'^Amn = ^A(m-l)(n-l) • (5-14) 

As mentioned above the problem with this group action is that it is not a symmetry of the La- 
grangian. Imposing it leads to additional constraints. Furthermore it is not consistent with the 
supersymmetry transformations. Nevertheless we simply proceed and consider the theory in this 
case. 

We first note that the infinite size of the array leads to divergent terms in the Lagrangian. For 
example consider the kinetic term for the scalars 

J2tlid^Zt,d^ZAnrr.) = E *'^(^'^^™-"o5'^4™-„o) (5-15) 
m,n m,n 

= EEtr(a,^,V^4po) (5-16) 

q p 

= |r| E tr(a^^,V^4po) . (5-17) 

p 

where 

|r| = Ei- (5.18) 

In the D-brane case [75] the effect of this divergence is harmless as each term in the Lagrangian 
comes with the same overall factor of |r|. In our case however, the fact that the shift invariance 
we impose is not a symmetry of the Lagrangian, causes other divergences to appear. We therefore 
need a way to regulate and compare divergences. 

To do this we simply consider a very large but finite array consisting of M2-branes located 
at = 2TrinR with n = —N, . . . ,N. We then always impose the limit — > oo in any final 
expressions and therefore only consider the leading large N terms. Using this regulator we see that 

|r| = El = 2iV + 1 - 2A, (5.19) 
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5.2 Reduced Lagrangian 



where ^ denotes the leading order behaviour as — > oo. We will also be cavalier about ig- 
noring possible boundary effects that occur when N is finite. Thus our starting point is a 
U{{2N + l)M) X U{{2N + 1)M) ABJM model with N » 1. Note that in such a theory the 
't Hooft coupling constant grows as NM/k. Furthermore, when taking the limit N — > oo, wc will 
allow for both k and R to scale in appropriate ways with N. 

With this in mind we note that we can solve the shift symmetry condition in terms of the 
M X M matrix valued fields 0^, ipAm ajlii^- 

Ztnn ■= 2TriRnlMxMSmn + , Z^^ := , (5.20) 

^ninn ■— '^aii-m, 1 Amn '■= —p=''pAn-m ■ (5-21) 



Here we have included factors of {2N)^i so that the fields (pp and ipAp have canonical kinetic 
terms. Note that since A^^^ are Hermitian we require that (ajl^ri^)^ ~ <^J^n- We have not rescaled 
the gauge fields by (2A^)^3 since their role in covariant derivatives and gauge field strengths does 
not readily allow for this. 

5.2 Reduced Lagrangian 

Having set up our configuration we can now construct the reduced action for the infinite array. Let 
us start with the kinetic terms: 



+ 27ri?(n - m)a+„_,„ + 27ri?(n + m)a~^^_„^ , (5.22) 
^M^mn ^7/1^'^'^'^"^'" ~ 77|^ '^MP ' ] ~ 77|^ ' '^"-m-pJ' ' (5.23) 

Df.'^Amn ^-^"^^tpAn-m - -jL^'^[a+ ^ , An-m-p] ~ -jL^'^la' ^ , 1pAn-m-p} , (5.24) 

where aj„ := i(a^„ ± a^„) and 

V^< = 5^<-*[a+o,<]. (5.25) 

Note the appearance of terms involving m + n on the right-hand-side of Eq. (5.22). These arise 
because the Lagrangian is not invariant under our orbifold action (5.11). This leads to a divergent 
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5.2 Reduced Lagrangian 



term of the form 

(27ri?)2^(m + n)2tr(a;„_„a';;:„J = (27ri?)2 ^ ^(p + 2g)2 tr(a;X_- ) (5.26) 

m.n q p 

~ ^7V3(2^^)2^^^(^-^^M-)^ (5 27) 

p 

This diverges (unless R is taken to vanish at least as fast as N~ i , which we will not consider here) 
and is not cancelled by anything else in the Lagrangian. We therefore conclude that, to obtain 
finite energy configurations we must have 

= %, = l{aj;p-a;^^). (5.28) 

Note that one might be tempted to simply rescale a"^ by a factor proportional to N^^^"^ so as to 
render Eq. (5.27) finite. However one would then simply find that, in the limit N — > oo, a~p drops 
out from the covariant derivative and hence the Lagrangian. Thus Eq. (5.28) should be viewed as 
a constraint on the system that breaks the gauge group to U{M). 

In particular the gauge group associated to the zero mode is just U (M). This should be viewed 
as a constraint on the system. 

Next we look at the quadratic terms that come from expanding the potential: 

V^-^ = ^(^)'(27ri?)4^p2(p^2g)2tr«>^,^) (5.29) 

p,q 

~ M2^p2^r«>^,^), (5.30) 
p 

where 

(2vri?)4^(p + 2g)2^^(27r)6^. (5.31) 

Although there could be cases where it is finite if i? — > sufficiently quickly, we will consider the 
case that Mi, — > oo as — ^ oo. Here we see that the mysterious KK-like tower is lifted to infinite 
mass, resolving one of the puzzles raised in the introduction. In particular we must impose the 
constraint: 

<'=0, p^O. (5.32) 

Note that the masslessness of 4>p does not seem related to the problem mentioned in the introduc- 
tion, where spurious massless states arise when pairs of M2-branes are at equal distance from the 
origin, since that degeneracy applies to all four scalars in the same way. 
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5.2 Reduced Lagrangian 



Let us next examine the quadratic fermion term: 

= ^ (^) i^nRf Y.^p' + 2pq) tr{4,^'^A',) - ^ (^) i^^R)' Y.^p' + 2^) tr(Vi>4p) 

(5.33) 

~ iMf Ypi^i'f^A'p) - iMf ^ptr(^4^4p) , (5.34) 
p p 

where 

Mf = 2^ (^) (2.i?)2 5](p + 2,) ^17(2.)^^. (5.35) 
Here we have used the regularisation 

Yq-^N\ (5.36) 
q 

where Q is an undetermined constant of order 1. In particular we note that this sum is ill-defined. 
To determine how to treat it we will use supersymmetry.^'' This suggests that the fermion masses 
should be the same as the bosons, i.e. Mf = Mb, and hence gives 

however we will keep general in our calculations in this section. Assuming D, ^ we conclude 
that there is also a fermionic constraint 

^^ = 0, p^O. (5.38) 

Thus we see that in order to avoid divergences in the Lagrangian (and correspondingly Hamil- 
tonian) we must impose the constraints 

0p'=O, a;o = 0, a-p^O, p^O, (5.39) 

where A' = 1, 2, 3. This leaves us with the zero-modes 

(l^o: ^Ao, a+o, (5.40) 

as well as three infinite towers of fields: 

11 i i 

atp, Xp^ + ^<i>\-p, = --(/)p-t- p^O, (5.41) 

which satisfy ujI = uj-p, xl = X-p and (a+p)^ = a+_p. 



^It is conceivable that this ambiguity can be avoided by performing our calculations with a superspace formalism. 
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5.2 Reduced Lagrangian 



Once we have set these infinitely massive fields to zero we must also ensure that there are no 
source terms for them in the action. Classically this is a clear requirement to solve the equations 
of motion. Quantum mechanically it follows from the general procedure for quantisation with a 
constraint. In particular if we have a Hamiltonian H{q,p) on some phase space with coordinates 
((f, p) and impose a constraint C{q,p) — then we require that {H, C} = so that the constraint 
is consistent with time evolution. In general this leads to a new set of constraints {H,C} — Ci, 
{H, Ci} = 6*2 etc. In our case the original constraints simply set (p^ = a^^ — ipAp — 0- One then 
finds that the resulting additional constraints are simply the vanishing of the sources for 0^ , a^^ 
and ipApi P 7^ 0. We take the view here that, in order to ensure a smooth large N limit, such 
sources must be set to zero even for finite, but large N . In addition this means that sources that 
scale differently with N must be made to vanish separately. However we don't expect that our 
results depend significantly on this. 

Let us examine such sources. First we look at the kinetic terms. Here we see that there will be 
a source for 0^ , p 7^ arising from a+pi 



^ ^mn — 



1 



I2N 



/2N 



2i 



d„. 



(5.42) 

Thus we also require that a^^ is proportional to the M x Al identity matrix if p 7^ 0. This means 
that a+p, p^O, does not appear in D^Z^„ = tIw^^'^o^ 

Although this vanishes if (j)^ = 0, 



We can also expand the potential to cubic order in 0^ . 
p 7^ 0, one does find a source term for 0^ , p 7^ 0: 



'(2iV)3/2 



tr 



h.c. 



(5.43) 



V p 



^ — p — P {Xp,n } + « — ^ — pK>o \]<Pa'p 



(5.44) 



where the ellipsis denote further cubic terms that are not linear in 0^ and hence not sources. 
Requiring that this vanishes tells us that 



(5.45) 



There is also a source for a,,„. Setting this to zero leads to the constraint-'^^ 



"We denote [^-*,7m*-4] := ^^'"li^-^AbiTLT^ 



(5.46) 
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5.3 Comparing to Three-Dimensional Maximally Super symmetric Yang-Mills 



The nonzero mode part of this constraint leads to 

The zero mode part of the constraint is the o^q equation of motion and wiU be dealt with later. 
One then finds that, substituting back into the Lagrangian, (5.47) simply removes both ujp and 
a+„ all together. 

Thus, once all the constraints are fully considered we are effectively left with just the zero- 
modes (5.40). We can now evaluate the Lagrangian. In the limit that N oo the sixth order 
terms in the potential and fourth order terms in the Yukawa interaction vanish. The final result 
for the Lagrangian evaluated on an infinite M2-brane array is 

Carray = - tr(V^(/);f' V^^Jj, q) - tr( V^Re 0^ VRe (/>4) - tr{V^lm4\/nmcl>^) - ttr{i;^-f>^V ..^jao) 

+ CYukawa-V, (5.48) 

where Re(/)g = |(0o + '?^4o)' Ini^o ~ ~f ("^o ~ '^4o)- '^^^ potential and Yukawa terms are 

2 

(5.49) 



Cvukawa = g'y M tr i^ilpQ [Im (f)Q,lJjA'o]~'2ilpQ [Im (/)o , 7/^4 o] + 2 V'^f [(t>A' ; V'4 0] + 2 V'A' [^jf , "00 ] 

+SA'B'C'^o'[(bi',iJ^']+e^'^'^"i,A'o['l}B'o,^C'o]) , (5.50) 



with 



9ym = -^T^ilT 2^1 ^1^(2^)-^' (5.51) 



9ym = )1.9-;f^(27^)^^ = ^/i^^ffrM. (5.52) 



Thus to obtain an interesting theory, with Lagrangian (5.48), we require Mf, — >■ 00 with gyM finite 
in the limit iV — > 00. 



5.3 Comparing to Three-Dimensional Maximally Supersymmetric Yang- 
Mills 

The theory we have obtained looks rather strange as there is no kinetic term for the gauge field. 
Therefore we should consider comparing our result to three-dimensional maximally supersymmetric 
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5.3 Comparing to Three-Dimensional Maximally Supersymmetric Yang-Mills 



Yang-Mills that is obtained from the open string description of D2-branes: 

C3DSYM = - i^{F^.F^-) - \ tr(V^X^ VX^) - \ tr(Ar'^ A) 

+ 9YM^ tr(Ariir^[X^ A]) + ^ tvY,{[X',X']f , (5.53) 

i,j 

where A = A^Fq and V^^X^ = c?^X^ — X^]. Here there are seven scalars , 7 = 3, 4, . . . , 9, 
a gauge field and fermions A which, as written, form a real 32-component SO{l, 9) spinor that 
satisfies roi2A = —A. Furthermore T^, F/ are real 32 x 32 F-matrices and F^^ = Fq • • • Fg. 

To compare with our results we need to break the manifest SO{7) symmetry to 5f7(3). To this 
end we let (we will consider the fermions shortly) 

= i=(^^' + ct>\,^) , X^'+s = -1=(0^' - <l>\,,) , X^ = V2Imct>t , (5.54) 



where 



The bosonic part of jCsdsym can now be written as 



^DsrM = - ^ tv{F^.Fn - tr(V^0f V''</.Ii,o) - tr( V^Im </,^ V'lm <A^) 



YM 



_l_ 9ym 



(5.56) 



Next we consider the fermions. Here we need to reduce A to four, complex, two-component 
spinors tp"^. To do this we note that the Clifford algebra can be reduced as 

r^=7M«'P* T' = l(3p'-\ (5.57) 

where p^,. . . are a real, 16x 16-matrix representation of the Euclidean eight-dimensional Clifford 
algebra and = p^p^ ■ ■■ p^. In this formulation F^^ = 1 (g) and F012 = 1 (S) p*. We can therefore 
decompose 

A = Ae O ^ (Aa (S) + O t/a) , (5.58) 
v2 

where E = 1, 2, . . . , 16 and Pi,rf" = —r]^ (so that there are just eight independent 77^) which wc take 
to be normalised such that {'rf")'^'rf^ = 5^^. Wc have also introduced a complex basis of spinors 
rj^, along with a suitable complex basis of p'^-matrices, that will be useful later. The fermion 
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terms are now 



4DsyM--^MAE7^V^An)(<5™) 



- ||tr(As[0^f' , An]) {(v'^r psPA'v"") - || tr(A^[<^^, o, An])((.7^)^P8/''?") 

+ |^tr(As[0^,An]) {{v''f^PsP7rf) + tr(As[4„, An]) ((^^)^W7^") , 

(5.59) 

where As — X'^jq. 

Let us first consider the last line. If we consider complex fermions then we can diagonalise ipsP7 
with 

ipsP7V^ = v"^ , ipsPim = m ■ (5-60) 
It then follows that the complex conjugates satisfy 

ipsPrVA' = -VA' , ipsPTv"^ = -il^ ■ (5.61) 

We can choose to normalise this basis such that 

(r;^)^r/B = 2(5^ , {T^AfvB^G. (5.62) 

Next we need to deduce the action of psPA', PsP^ on rj^ , 774 and their complex conjugates. We 
note that the Clifford algebra is equivalent to 

{psPA' , PsPB' } = , {psPA' , PsP^ } = -4(5f , . (5.63) 

Since we have not been very precise about the exact definition of 77"^ and r/4 it is enough to observe 
that the choice 

PsPA'V^ = 2(5^,77^, PsPa'Vb' ^ -^ea'b'C'V^ , 

PsPA'Vi = -'^VA' , psPA'V^ = 0, (5.64) 

and similarly for the complex conjugates, satisfies the algebra (5.63). In this basis the fermion 
terms become 



^iosYM = -itr(A^7''V,AA) 

+ ^ tr (2^^' [Im 4 ,Xa']- 2z A^ [Im 4 , A4] + 2X^' [0^, q , A4] - 2 A^ [0^' , A^,] 



+eA'B'C'X^'[(pE',X^"]+e^'^'^"XA'[(pB'o,Xc']) ■ (5.65) 
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In particular we see that, if we identify = o^q, A"^ = ^pQ and take g'yM ~ 9ym/\/^, corre- 
sponding to 57 = 2/\/3 as before, then (5.48) can be written as 

Carray = " ^ tr ( V^FV'y ) - ^ tr (V^X^ VX^) - tv (AF^ A) 

+ tr (Ar"r^[X^ A]) + ^ ^ tT{[X',X'']f , (5.66) 

where 

F = Re(/)^. (5.67) 

Thus we find that the three-dimensional maximally supersymmetric Yang-Mills Lagrangian is in 
agreement with the M2-brane Lagrangian, with the exception of the kinetic term of the gauge field, 
which is absent, along with an additional scalar field Y which does not enter in the potential. In 
particular we see that the M2-brane Lagrangian from the infinite array has an SO (7) symmetry, 
which is enhanced from the manifest SU{3) symmetry that we started with. 

Since our action has no kinetic term for the gauge field, its equation of motion imposes a 
constraint: 

i[Y, V^y] +i[X', V^X'] -f i [A, r^A] = O . (5.68) 

Furthermore the scalar Y couples to the gauge field but does not enter into the potential. Its 
equation of motion is 

A solution to this equation is 

From this we deduce that 

[Y,V^.Y] 



In which case we find that the constraint (5.68) can be written as 

-^W-F^, = i[X',V^X'] + i[A,F^A] , (5.74) 
9ym ^ 

which is precisely the equation for three-dimensional maximally supersymmetric Yang-Mills. In 
particular we have recovered all 16 supersymmetries in addition to the SO{7) R-symmetry. Note 



v^r = 0. 



(5.69) 



25 



YM 



(5.70) 



~e,^,[Y,F-^'] 
^9ym 



9ym 



9ym 



(5.71) 
(5.72) 
(5.73) 
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that this is an on-shell duahsation of the scalar field into a gauge field. Without this dualisation 
^array IS uot supersymmetric, however one may conjecture that it secretly enjoys a hidden quantum 
supersymmetry, much like the case of the enhanced maximal supersymmetry in the ABJM models 
at k — 1,2 (although here it would seem to appear even at weak coupling). 

Thus the system we obtained is related classically to 3D-SYM. In particular, to be more precise, 
every solution to 3D-SYM solves our system. However our system is slightly more general. In 
particular consider a pure-gauge configuration 

= ^9d>.g-' , (5.75) 

where g € U{M). The solution to (5.70) is 

Y - gYog-' , (5.76) 



where Yq is any constant Hermitian matrix. Thus there is an additional, nondynamical, 'modulus' 
that appears in the M2-brane description of D2-branes. This is not surprising and should be 
thought of as the positions of the D2-branes in the eleventh dimension. In particular it is possible 
to break the gauge group while keeping all the D2-branes at the origin of the string theory Coulomb 
branch = 0. Note that the classical vacuum moduli space condition does not require that the 
vevs of Y and commute. 

Let us now discuss some curiosities of our results. We see that X^ = \/2lm(j)Q appears in 
the potential whereas in the original array Im represents the direction along the array, i.e. the 
M-theory direction, and is subject to a discrete shift symmetry: Im — > Im Z"^ + 2ttR. This 
symmetry is still present in our system at finite although due to the field normalisation it is 
rescaled to InKpf^ Im^o + 2TTy/2NR which diverges when we take N — > oo. However in the 
D-brane interpretation X^ is not the M-theory direction. 

As mentioned above we need to take a limit N ^ oo such that Mf, — > oo and gyM finite. This 
can be done in a variety of ways. In particular since Mi, cx gyM^ require is that N,k oo 

with R oc k/\/N. We could achieve this by keeping R fixed and iV oc fc^. Since the scalar fields 
have canonical dimensions of imass)^/'^ the physical radius of the array is 

= i?T7//' . (5.77) 

Since Tm2 — (27r)^^^p Is = ga ^^^Ip and Rn = g^lg we see that 

whereas the precise relationship for a D2-brane is — gs/h- We can arrange for this by taking 
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N = ab, k = b where a/b is a rational approximation to 3/(27r)^. However this seems very ad hoc. 

One way to avoid any conflicts with these issues is to consider a scaling limit where R oc \/]V, k cx 
N. In this way we can remain at weak 't Hooft coupling NM/k throughout. The distance between 
the M2-branes then diverges so that the fluctuations of Carray really just describe an isolated block 
of M M2-branes, inside the array. (In fact this is true more generally as the normalisation of <f>^ 
ensures that fluctuations of 0^ do not correspond to finite fluctuations of Z^.) In this case the 
reduction to type IIA string theory arises because of fc — >■ oo, and the associated spacetime C^/Zj. 
orbifold, in addition to the periodicity imposed by the array. 

Finally we note that it is not clear how to quantise the action we have found. Although we 
have derived it from the ABJM model which does have a well-defined quantisation. One way is 
to map it to an equivalent classical Lagrangian which is more suitable to quantisation, i.e. one 
which admits a simple Hamiltonian without constraints, or with constraints that can be readily 
solved. Ignoring the subtlety that we have mentioned above this would lead to three-dimensional 
maximally supersymmetric Yang-Mills and its familiar quantisation. Another approach would be 
to use Dirac quantisation applied to the constraint induced from the equation of motion. We 
will not address this problem in this thesis. Assuming that there is a suitable quantum theory 
involving Y we can consider operators such as 

M=e'^ , (5.79) 

which correspond to monopole (or 't Hooft) operators. Thus we have arrived at a more refined 
version of three-dimensional maximally supersymmetric Yang-Mills as the description of D2-branes 
in type IIA string theory. 

5.4 Further Compactification on and M5-branes 

Let us now consider a doubly periodic array in the and directions. For simplicity we will 
only consider the bosonic part of the action in this section. The extension to include the fermions 
is straightforward. Firstly let us rescale the scalars by a factor of to cast the (bosonic) action 
as 

Si'iay^-^tr [ d\ \v^,YV^Y+\v^X'V^X' ~W{[X',X'^])\ (5.80) 
9ym J ^ ^ /,J 

If we impose the on-shcU dualisation discussed above then we arrive at the familiar three-dimensional 
maximally supersymmetric Yang-Mills theory of D2-branes. In this case imposing a further pe- 
riodic array along X^ , X"^ was studied some time ago in [75] and leads to the same action as 
five-dimcnsional maximally supersymmetric Yang-Mills compactified on T^. We follow the same 
steps here but without the dualisation. 

We first consider an infinite parallel array along the X'^ direction by imposing the shift sym- 
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metry: 

=2TTR'n6^nSi + Xi^^, (5.81) 

^mn — ^n—7n ; (5.82) 
-^fimn ^/^n— m (5.83) 

here m,n € Z and as before each field is an M x M Hermitian matrix. Note that R' has dimensions 
of mass. (In the interests of not introducing more symbols we are being rather brief in our notation.) 
We can then repackage these fields in terms of a higher dimensional gauge theory on M'^ x 5^: 

X' = 5]e™-'^'x^, 7 = 4,5,..., 9, (5.84) 

n 

Y = ^e"^'-^V„, (5.85) 

n 

= ^e™^'«'A^„, (5.86) 

n 

A3 = ^e""'«'x3, (5.87) 

n 

where is periodic with period 2it/R' . Next we repeat this procedure for an array along X'^, with 
the same periodicity. In this way we construct five-dimensional Hermitian matrix valued fields 
Y,Af,,,X'' where /i' = 0, 1, . . . , 4 and /' = 5, 6, . . . , 9. 
Following the analysis of [75] leads to the action^^ 

^^le array = "(^^^^t^ / ^ ^ V,,X^' V^'X^' - \ J] ( [X^' , X^'] )2 

+^v^rv^r + ^^^^oF^" + \f^pF''^ . (5.88) 

where a, /3 = 3,4 and /i, = 0, 1,2. This is not five-dimensional Lorcntz invariant. In particular 
there is no kinetic term for Y along the torus directions and no F^^ terms. The first issue arises 
because there is no [X' , Y] term in (5.80) whereas the second arises because there was no i^^^ term 
to start with. Nevertheless we note that the Aa equation of motion is that of five-dimensional 
maximally supersymmetric Yang-Mills: 

V^'Fo,^, ^i[X\Vo^X']. (5.89) 



^^We could also use our regularisation technique of introducing a large but finite array of size TV >> 1. This would 
simply result in an additional factor of AN'^ in front of the action which we would then remove by an appropriate 
rescaling of gyM and R' . 
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One the other hand the equation of motion is similar to before but with an extra term: 

V"i^,„ = i[Y, V,r] + i[X^, \/,X'] . (5.90) 

Once again we can consider the on-sheU duahsation and choose: 

V^r = -^e^,Af^'^\ (5.91) 

which is still consistent with the Y equation of motion V^V^F = 0. In this way we obtain 

V^^'f,^, =i[X',V,X'], (5.92) 

so that our equations are those of (the bosonic part of) five-dimensional maximally supersymmetric 
Yang-Mills, which restores five-dimensional Lorentz symmetry and 16 supersymmetries. 

We can also consider another on-shell dualisation, which is more naturally associated with the 
broken Lorentz symmetry, and take 

V^y = ^e'^^H^^p . (5.93) 

We can then also write F^a — -ff^as and i^^^ — Haps which is sufficient to determine all the 
components of a self-dual six-dimensional 3-form H . In this language the 'moduli' Yq associated 
to solving (5.93) can be thought of as the period of a 2-form potential B^4 integrated over the 
two-cycle of the torus. 

5.5 Conclusions 

In this chapter we have investigated periodic arrays of M2-branes using the ABJM model. By 
introducing a regularisation method, where we consider a large but finite array with 2N + 1 sites, 
imposing a discrete translational symmetry, computing the action, and then letting N ^ oo. The 
Chern-Simons level k and array radius R were also allowed to scale with N and to obtain a suitable 
theory of D2-branes we required that A; — > oo with R cx k/^/N. Our result is a curious variation of 
three-dimensional maximally supersymmetric Yang-Mills where the gluon kinetic term is replaced 
by that of a dual scalar field. All solutions of three-dimensional maximally supersymmetric Yang- 
Mills can be made solutions of our Lagrangian but in addition we find nondynamical moduli. We 
also considered further doubly-periodic arrays that map the D2-branes to D4-branes. This led to 
a non-Lorentz invariant version of five-dimensional maximally supersymmetric Yang-Mills. This 
in turn can be viewed as the M-theory description of a cubic array of M2-branes, which should 
therefore also describe M5-branes wrapped on T'^. 

However it is not entirely clear how much our results should be trusted at strong coupling. In 
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particular the M2-branc physics relics crucially on 't Hooft (monopolc) operators which we have 
not addressed. Although these are not expected to be important at large k our analysis is largely 
justified by the fact that our results can be mapped to the known open string description obtained 
at weak gvM- Therefore it remains possible that 't Hooft operators are important here at large 
gYM- 
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In this chapter we move our focus to the other extended object in M-theory namely the M5- 
brane. In section 6.1 we wiU discuss the properties of M5-branes. For various reasons that will be 
mentioned, the M5-brane is a more difficult object to study than the M2-brane. We have seen in 
chapter 2 that the key to unlocking the worldvolume description of multiple M2-branes was the 
introduction of 3-algebras. In section 6.2 we describe work to formulate M5-branes using 3-algebra 
language [80]. 

6.1 The M5-brane 

The worldvolume of the M5-brane is a six-dimensional hypersurface propagating in an eleven- 
dimensional background. The low energy dynamics of a single M5-brane is described by the 
Abelian M = (2, 0) tensor multiplet [81-83]. The field content of this multiplet can be determined 
as follows. There are five scalar fields which arise as Goldstonc bosons from spontaneous breaking 
of eleven-dimensional translational invariance by the brane. The M5-brane is a ^-BPS object and 
therefore preserves 16 of the 32 supersymmetries of the eleven-dimensional background. Conse- 
quently there are 16 Goldstone fermions which contribute eight fermionic degrees of freedom. For 
a supersymmetric theory the number of bosonic degrees of freedom must match the number of 
fermionic ones. So far we are short of three bosonic degrees of freedom. These additional degrees 
of freedom are provided by an Abelian 2-form gauge field -B^jy which has a self-dual field strength, 
H^u\ ■ The 2-form originates from breaking of the gauge symmetry of the 3-form potential which 
exists in M-theory. 

For this field content one would then construct a Lorentz invariant action for the M5-brane in 
a flat Minkowski background 

Sm^o = / - \d''X'd^X' + ^V5r^9^V + ^H'^'^^H^^x ■ (6.1) 

However there is immediately a problem with this action: the kinetic term for the 2-form gauge 
field is identically zero because of the self-duality condition. Due to this a standard Lagrangian 
description of the gauge sector of the M5-brane does not seem possible. Various proposals for 
dealing with this problem have been suggested. One approach to finding an M5-brane action is to 
drop manifest Lorentz invariance. In the literature this is often done at the expense of introducing 
an auxiliary field as in the PST action [84]. Another viewpoint is that, at least classically, the 
action is simply a tool which gives the equations of motion. If we have the field equations then an 
action is unnecessary. The equations of motion are simpler to deal with because they are linear 
in their respective field so in the case of the 2-form its field strength appears only once and the 
self-duality problem which occurs in the action does not appear. The covariant field equations for 
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a single M5-brane are known [85-87] . 

We now imagine that N parallel copies of the M5-brane become coincident. The low energy 
theory which describes this system is an interacting six-dimensional CFT with (2, 0) supersym- 
metry. Unlike the case of the three-dimensional worldvolume theories of M2-branes very little is 
known about six-dimensional UV complete quantum field theories, let alone those with maximal 
supersymmetry. Famously, the degrees of freedom of the worldvolume theory of N M5-brane ex- 
hibit scaling although the microscopic origin of this scaling is not currently understood. The 
gauge sector of the interacting (2, 0) theory should now consist of a non-Abelian 2-form with self- 
dual field strength. As for M2-branes there is no obvious parameter which controls the coupling 
strength. In the ABJM theory we have seen that the coupling is controlled by the quantity N/k 
where k is associated with the three-dimensional Chern-Simons action. The worldvolume of M5- 
branes is even-dimensional and consequently does not admit a Chern-Simons action from which to 
construct an analogous coupling parameter. There have been several attempts to understand the 
(2, 0) theory in the literature. Some time ago a light-cone formulation was proposed in [88, 89], for 
the case of light-like compactification of the M5-brane as well as related constructions from Matrix 
Theory [90, 91]. In addition a four-dimensional 'deconstruction' was presented in [92]. In the next 
section we will review the construction of a non-Abelian (2,0) tensor multiplet in which the fields 
take values in a 3-algebra [80]. Other, even more recent, discussions on formulating the dynamics 
of the non-Abelian (2,0) theory are [93-96]. 

6.2 A Non-Abelian (2,0) Tensor Multiplet 

We proceed in a similar manner to constructing the BLG theory in chapter 2, starting with the 
covariant supersymmetry transformations of a free six-dimensional (2, 0) tensor multiplet [87] which 



SX' = ierV , (6.2) 

(5^ = r^r'd^x'e + ^ ^r^^^iJ^.Ae , (6.3) 

SB^, ^ilT^,^. (6.4) 

Here /i = 0,1,..., 5, / = 6, 7, . . . , 10 and H^^i,\ = 35[^-B^>^] is self-dual. The supersymmetry 
generator e and fermion ?/; satisfy the projection conditions 



roi2345e = +e, (6.5) 
roi2345V' = -V'- (6-6) 
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The commutator of the supersymmetry transformations on each of the fields closes on to a trans- 
lation provided the following equations of motion hold 

d^'d^X' =0, (6.7) 
T^d^^ =0. (6.8) 

We note that, from the point of view of supersymmetry, it is sufhcient to write the algebra purely 
in terms of H^^\ and not mention Bf^^: 

5X' = ier^V , (6.9) 

= r^r'd.X'e+^h^^'^H^^^e , (6.10) 

SH^^x = ii^^it^i^dxiip , (6.11) 

in which case the equations of motion have to be supplemented by d^f^H^xp] — 0. 

We wish to try and generalise the free M5-brane superalgebra to allow for non-Abelian fields 
and interactions. In analogy with M2-branes we assume the fields take values in a vector space 
with a basis T°. Derivatives are also promoted to covariant derivatives through a coupling to a 
gauge field AfJ'a- For example the covariant derivative of the scalar field is 

D,Xi = d^Xi-A^\xi. (6.12) 

Upon reduction on a circle one expects that the six-dimensional (2, 0) transformation rules 
reduce to those of five-dimensional supersymmetric Yang-Mills, which are given by 

SX^ = ieT^iP, (6.13) 

=^"^^i5„x^e + i^"^^5^^„^e-^gyM^"^5[x^x■^]e, (6.i4) 

SAa —ieTaT^ip, (6.15) 

where D^X^ = daX' — igYM[Aa, X-'] and a = 0, 1, . . . , 4. 

In order to obtain a term analogous to the [X-' ,X'^] for 6ijj in Eq. (6.10) we need to introduce 
a matrix to account for the fact that e and "tp have opposite chirality. Thus a natural guess is 
to propose the existence of a new algebra-valued field so that we can consider the ansatz: 

SXi = ^eFVa, (6.16) 
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- r^T'eD^Xi + i ^r^.Aei^r^ - Ir^T'^'eC^X^Xir''', , (6.17) 

6Hf,,xa = 3ter[^,Dx^^a + ier'r^,xnC^X'M"'"'a, (6.18) 

6A^\ = leT^AC.Vd/^'^'a , (6.19) 

6C^ = 0. (6.20) 
As in the Abelian case the 3-form is self-dual 

H a — ^^^^vXrapH ^ a ■ (6-21) 

In [80] it was shown that there is no 2-form B^^, such that H^^\ is its field strength. Demanding 
that the self-duality relation is preserved under supersymmetry gives rise to the fermion equation: 

r'^-D^Va + C^XlT^T'i>ar''\ = . (6.22) 

Note that consistency of the above set of equations with respect to their scaling dimensions 
gives 

[H] = [X] + 1 , [i] = 1 , [C] = 1 - [X] , 

H = W = [X] + l, [X], (6.23) 

so one could still make this work with some other assignment that are all related to the choice of 
[X]. However the canonical choice is [X] = 2, [H] — 3, [tp] — |, [C] — —1. In particular we see that 
the new field has scaling dimension —1. Therefore, if we compactify the theory on a circle of 
radius R we expect the expectation value of to be proportional to R. 
Provided the /^'^^a satisfy 

jbcd^ = , r^^dr'^ = r^%f''d + r^%r'd + r^^r'^d , (6.24) 

which are the conditions that define a real 3-algebra in chapter 2, then the proposed non- Abelian 
(2, 0) supersymmetry transformations close on-shell on to a translation and a gauge transformation. 
The (2, 0) equations of motion are [80] 

- r^2?^Va + c,"r,rVrf/''"'a , (6.25) 

= D^Xi - '-4>cC'^V,T'i^af"'\ + C'^C,gXiX'lx'fffSdr''\ , (6.26) 
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1 i - 

^ = D]^^H^Xp] a+ ^^tivXparC^X^D'^ Xj^f a + -^f^fiiyXparC^ IpcT"' Ipdf a, (6.27) 

= -F^i/^Q + C^Hf^^x df^'^'^a , (6.28) 

= D^C: = C^C^^f'^a , (6.29) 

= CPDpXir''\ = CPDpiMf"'\ = C^DpH^.x af'^a . (6.30) 



Where the scalar equation of motion is identified by taking the supervariation of the fermion field 
equation. In all these equations Fp^J'a is the field strength of the gauge connection A^^a and as 
usual satisfies the Bianchi identity -D[A-F)ij/]^a = 0. Equation (6.27) can be dualised to give the 
alternative H equation of motion 

= D^H^"\ - d^D^^^Xixir''^ ~ '-d^i^.T^^Hdf'a ■ (6.31) 

Note that the second to last equation (6.29) implies that is constant and hence selects a preferred 
direction in spacetime and in the 3-algebra. The final equations (6.30) imply that the non-Abelian 
components of the fields can only propagate in the five dimensions orthogonal to C^. 

All the calculations have been performed at the level of the supersymmetries and equations of 
motion and there has been no need to use the 3-algebra inner product to construct gauge invariant 
quantities. As we do not require an inner product, we are free to use any real 3-algebra we like i.e. 
Euclidean, Lorentzian or multiple time-like. We will now investigate the vacuum solutions of this 
3-algebra formulation of the (2, 0) theory. 

Our first choice will be a Lorentzian 3-algebra built from the Lie-algebra su{N). We look for 
vacua of this theory by expanding around a particular point 

{C^a) = ^7^5C , (6.32) 

where g is dimensionful. With this vacuum expectation value the gauge field equation of motion 
(6.28) gives 

FaP^a = —gHaP5 df^^ a , (6.33) 

with /I = a, 5 and all other components of F^J^ a are zero. As a result the latter correspond to fiat 
connections that can be set to zero up to gauge transformations and Eq. (6.29) reduces to = 
so that g is a dimensionful constant. 

The remaining (2, 0) equations of motion become: 

= b^b^Xi~'-gi>j:^V'i^dr\-9^Xixix]rfdr''a, (6.34) 
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= D[aHp^]5a, (6.35) 

= D''H„05a + lg(^X!,D0X'^+'-ij,r^i;d^r\, (6.36) 

= T^D^i^a+gX^T^T'ilJar^, (6.37) 

= d^Xl = dr,i^i = d^H^,y,a, (6.38) 

where D^X^ = d^X^ — Aa^aX^, while the (2,0) supersymmetry transformations become 

6Xi = zerVa, (6.39) 

5Va = T"r'D^Xie+^T„isr5Hf'e-^T^r"X^Xir''^e, (6.40) 

SAja = ier^FsVd/^a. (6.41) 

We immediately see that with the identifications 

9 = 9yM ) a = ^ Fa/3 a , ^a'' a = -^a c/^^a , (6.42) 

9ym 

we recover the equations of motion, Bianchi identity and supersymmetry transformations of five- 
dimensional supersymmetric SU {N) Yang-Mills theory. In particular since g has scaling dimension 
— 1, we see that qym also has the correct scaling dimension. Furthermore the fundamental identity 
reduces to the Jacobi identity for the structure constants of su{N). However from the time-like 
generators in the 3-algebra we also get the additional equations 

= di'd^Xi, (6.43) 

= d^^H,xp]±, (6.44) 

= r'^a^Vi, (6.45) 

with transformations 

SX^ = ier^Vi, (6.46) 

5V± = T^^r'd^Xie+^^T^,xH^''\, (6.47) 

SH^^x± = 3jer[^,a;,]V± • (6.48) 
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6.2 A Non-Abelian (2, 0) Tensor Multiplet 



These comprise two free, Abelian (2, 0) multiplets which are genuinely six-dimensional. 

If we take the Euclidean 3-algebra, single out one of the gauge directions, say 4, and repeat the 
analysis around the vacuum given by 

{C^) = gS^St , (6.49) 

then five-dimensional supersymmetric Yang-Mills is again recovered only now there is a single 
Abelian (2, 0) multiplet. Solutions to the equations of motion in the case of multiple time-like 3- 
algebras have been studied in [97, 98] and were found to lead to the description of other Dp-branes 
in string theory. 

A closely related system can essentially be reverse-engineered directly from maximally super- 
symmetric five-dimensional Yang-Mills [99] . At this point one may argue that the model presented 
here is nothing more than multiple D4-branes written in 3-algebra language rather like the story 
with multiple D2-branes and Lorentzian 3-algebras in chapter 2. However, in the next chapter we 
will see that the 3-algebra (2, 0) model is also capable of describing a separate nontrivial multiple 
M5-brane conjecture. 

Recently it has been suggested that five-dimensional maximally supersymmetric Yang-Mills 
contains all the degrees of freedom of the non- Abelian (2, 0) theory, where the Kaluza-Klein states 
from the are mapped to the instantons of the five-dimensional theory [100, 101]. In chapter 5 we 
showed that the AB JM model can be used to describe a cubic periodic array of M2-branes and yields 
an action which is essentially the same as that of five-dimensional maximally supersymmetric Yang- 
Mills but with additional nondynamical 'moduli'. Although we were required to rescale fc — >■ oo to 
obtain this action we did keep all eleven-dimensional momentum modes. In particular the on-shell 
dualisation of Y implies that magnetic flux F12 plays the role of the 'missing' eleven-dimensional 
momentum. Furthermore the resulting theory has a coupling constant that we could tune to be 
small but which we could also take to be large. Therefore our results in chapter 5 appear to be 
in broad agreement with the proposal of [100, 101]. We also note that if this proposal is true 
then five-dimensional maximally supersymmetric Yang-Mills should also display the scaling 
behaviour at strong coupling. Recent work in this direction can be found in [102-106]. 
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7 Light-cone Description of Multiple M5-branes 

In this chapter we wish to study the (2, 0) system of equations obtained in [80] and reviewed in 
chapter 6, in the case where the auxihary field is null. This chapter is organised as follows. 
In section 7.1 we determine the conserved energy-momentum tensor and supercurrent of the (2,0) 
system that we outlined in the previous chapter. We also compute the superalgebra including 
the central charges. In section 7.2 we consider in detail the resulting dynamical system when the 
auxiliary vector field has a null vacuum expectation value. This leads to a curious system of 
equations with 16 supersymmetries and an SO{5) R-symmctry that propagate in one null and four 
space directions. We show how the equations reduce to motion on instanton moduli space, where 
the instanton number is the null momentum parallel to C^. In section 7.3 we then quantise the 
system by using the other null momentum generator as a Hamiltonian. This leads directly to the 
light-cone quantisation proposal of the (2,0) theory proposed in [88, 89], generalised to include 
a potential when the scalars have a vacuum expectation value and also couplings to background 
gauge and self-dual 2-form fields. In section 7.4 we show that the null reduction can be seen as the 
limit of an infinite Lorentz boost. We end with our conclusions in section 7.5. 

7.1 Conserved Currents and Superalgebra 

It will be useful to construct the conserved currents of the (2, 0) equations of motion given in 
chapter 6. In particular we look for an energy-momentum tensor T^^, as well as a supercurrent J^. 
Simple trial and error leads to the following expressions: 



+ ]rj^,C^XiX-^C^,Xj.X-^r^''-rfs,i + ^H^^, ,,H.^P ^ 



4 



In the Abelian case this agrees with the linearised form of the energy-momentum tensor derived 
in [107]. The associated conserved charges are 

= y d^x T^o , Q = y d^x J" , (7.3) 

where the integrals are over the spatial coordinates, corresponding to the momentum and super- 
charge respectively. 
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The superalgebra of the (2,0) theory can then be deduced by evaluatmg (5J" = (5eJ°"eQ viz: 

{Qa, 0/3} j d^'x {6,J"C-^)c.p (7.4) 

= - 2{r^c-^)^pP^ + (r^r^c-i)„^z^ + {T'^''^r"c~^)^pZli^ . (7.5) 

The central charges we obtain in this way are (in the case of vanishing fermions):^^ 

4 = J {^AC^XiXiD^Xir''^^) , (7.6) 

(f'x ^ + ji aD^ X^"' + -dj{Hklm aX^°'£Qijklm.) 

+ C.XixiD'^Xir'''"^ + 2ClxixiD,Xir^'''^ , (7.7) 

^0" = / rf'^ (+^^^0., aC'.X'.Xir'"^'^ - d.iXiD.X-"^)^ , (7.8) 

ZiL = jd'x l^+l-HurnaCtxixir^^^ + ^d^{ClX^X!^X'J r^''^eo.,M„^^^ , (7.9) 

where here, in this section, i,i = 1,2, 3, 4, 5. 

7.2 Null Reduction 

Next we wish to consider the above system of equations for the special case where is a null 
vector: 

where has dimensions of length and * denotes some preferred direction in the 3-algebra. We 
choose to go to light-cone coordinates i.e. = (x"*", a;*) where 

= ^(x°-x5), x+ = ^(x° + x5), (7.11) 
72 72 

so that — g'^S'^S^. Note that for the rest of this chapter we have i,j — 1,2,3,4 (rather than 
i,j = 1,2,3,4,5 that was used in the previous section). The constraint (6.30) now tells us that 
vanishes on all the fields. Furthermore Fi^'^a = so Aj^^a is a flat connection and can be set 
to zero (at least locally). Thus the fields are essentially just functions of and x~ . Here we wish 
to view these equations of motion as a dynamical system where x~ plays the role of time. 

Let us now give the equations of motion that follow from the choice = g^S'^S'^. Fixing the 
element T* in the 3-algebra means that the remaining generators behave as an ordinary Lie-algebra 



^The original equations in [2] contained errors in the sign of Zq and the final term in , which we have corrected. 
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with Lie-bracket: 

i[T'=,T'^] = [T*,r^T'^] = r^'^aT" . (7.12) 

The components of the fields along the * direction in the 3-algebra decouple and behave as a 
free six-dimensional tensor multiplet and for the rest of this chapter we simply discard them. 
Alternatively one could have started from a non-Abelian (2, 0) system where the C-field does not 
take values in the algebra, i.e. instead of C^, as in the construction of [99]. 

For the sake of clarity we will use a notation whereby all the fields are taken to be Lie-algebra 
valued: e.g. ~ Sa^* ^a^"i ^^'l ^^"^ index is dropped. We also note that the gauge field A^^'a 
and field strength F^J'a also take values in the Lie-algebra and act on the other fields through the 
commutator. Therefore we drop the a, h indices and tilde on these fields in what follows. 

In the (a;^, x~ , a;*) coordinates self-duality of i/^^A implies that Fij — —g^Hijj^- is anti-self-dual, 
Gij — —g^Hij^ is self-dual and 

Hijk — 9~'^^ijkiF^ ~ ■ (7-13) 

Noting that the constraint implies that only the derivatives _D_ and Di are nonvanishing we find 
the remaining equations of motion can be written as 

= r-D_^ + r AV' + r+rV] , (7.i4) 
= AZ?*x' + $[^,r+r^V], (7.15) 



2 

t 
2 



= AF,_-f ^[^,r+^], (7.16) 



= D^F,^ - D^G,, - ig^[X',D,X'] + ^[^,r,V] , (7.17) 
= %F,-]. (7.18) 

One sees that the final equation is just the Bianchi identity and automatically satisfied. 

Our strategy now is to solve as many of the equations of motion as possible. We will do this 
by setting the fermions to zero with the understanding that the supersymmetry can be used to 
generate fermionic solutions. We will see that all but the second order equation (7.17) can be 
solved and reduced to ADHM data. 

To continue we first observe that the gauge field Ai is determined by the ADHM construction 
[108]. Thus the degrees of freedom of the gauge field are reduced to the finite dimensional instanton 
moduli space with local coordinates to" . Note that although Gtj is self-dual it has no interpretation 
as the field strength of Ai. Therefore Gij is not necessarily the field strength of a gauge field and 
one cannot solve for it using the ADHM construction. In fact Gij behaves as a nondynamical 
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background field since its D_ derivative never appears. 

With vanishing fermions the scalar equation of motion is just DiD^X^ = 0. It is easy to see 
that there is a unique solution to this equation for any given asymptotic value of . In addition 
for an instanton background there exists smooth solutions. Thus is uniquely determined in 
terms of the ADHM data of the gauge field Ai and its asymptotic value: 

X^ = .^+C^(^), (7.19) 

where is an element of the Lie-algebra. 

Next we consider the equation D^Fi- ~ 0. In terms of gauge fields this is 

D^D.A^ - D'd-A, = . (7.20) 

To solve this equation we need to recall some facts about instanton moduli space, for reviews see 
[109, 110]. In particular the instanton equations are 

Pij = -^i^ijkiF''^ ■ (7-21) 

Moduli correspond to infinitesimal changes to the gauge fields that preserve this condition: 

DMj - D,6A, = -e.jkiDHA' . (7.22) 

However gauge transformations SAi — DiUj will clearly solve these equations and we do not wish 
to include them in the moduli. To exclude them we require that 5Ai is orthogonal to all gauge 
modes: 

Tr / d'^x SAiD'uj = . (7.23) 



Integrating by parts, and requiring that cj = at infinity, shows that we therefore impose the 
gauge fixing condition 

D'SAi = . (7.24) 

We have seen that the solution to the equations of motion requires that Ai has anti-self-dual field 
strength. Therefore the x~ dependence comes entirely through the dependence of the moduli on 
x~ and hence we conclude that 

D'd^Ai^O, (7.25) 

with d-Ai ~ ^^9_m" -I- DiUj where cj is chosen to ensure that Eq. (7.25) is satisfied. Thus the 
D'^Fi^ — equation simply becomes D^DiA^ — 0. This is the same as the X^ equation and so 
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A- is also determined in terms of ADHM data and its asymptotic value: 



A_=w + 




) 



(7.26) 



where w is an element of the Lie-algebra. 

We are now left with just one equation which is second order in x 



(7.27) 



However as we mentioned above we do not aim to solve this equation - which would amount to a 
complete solution to all the classical field equations. Rather we now wish to quantise the classical 
field configurations that we have constructed and use the momentum generator along as the 
Hamiltonian. 

7.2.1 Conserved Charges 

To proceed we note that we need to use a slightly different definition of the conserved charge. In 
particular the problem with the standard definition given in section 7.f is that the integral over 
all space includes an integral over . However one can simply change integration variable from x^ 
to x'^ so that the integral is over all the coordinates. The resulting conserved charge is therefore 
constant not for dynamical reasons but because we have integrated over all the coordinates upon 
which the fields depend. 

On the other hand we can consider 



where we have included a factor of to ensure that they have the canonical dimensions. Since 
Z?+ = 0, Vfi and Q are conserved in the sense that d^V^ = 9_Q = 0. Note that this assumes that 
the fields vanish sufficiently quickly at infinity so that the boundary terms in the integrals can be 
discarded. In particular conservation of Q requires that D^X^ and [X-',X^^] — > as — >■ oo. 
Therefore, in this chapter, in order to obtain conserved charges that can be used to define the 
quantum theory we assume that 



That is we require that the scalar fields and gauge field are in a vacuum configuration at infinity. 
More explicitly these expressions are (in the case of vanishing fermions) : 





(7.28) 



[v',v'] = [v',w] = 0. 



(7.29) 




(7.30) 
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P+ = - J d^x e^'^^'F^^Fki , (7.31) 



8.g2 

n =^Tr j d^x F,,F^3 , (7.32) 

Q =Tr j d^x F,_rr-i; - ^F^jT'^T+T-^P + g^D.X-^T-^rT-iP . (7.33) 

Note that ~ —Air'^g^'^k, where k is the instanton number. Thus the 7^+ eigenvalues are discrete. 
Physically we interpret this as arising because the x^ direction is restricted to lie on a circle with 
radius R = g'^/iir'^. 

We can further decompose Q = 2+ + Q_ where T ^Q± = ±Q±. In this case the superalgebra 

becomes 

{Q-o, 2-/3} = - 2P_(r-c-i)„/3 + z|(r-r^c-i)„^ + z//+(r^r-r^^c-i)„;3 , (7.34) 

{Q+a,Q+/3} = -2P+(r+C-i)„/3, (7.35) 

{Q-c, Q+4 = - 2V,{rC'')^^ + Z/(rT^C-i)„^ , (7.36) 
where C = Fg is the charge conjugation matrix and the central charges are 

Z| = - 2Tr / d'^x F_,D'X' , (7.37) 



Z/ = - Tr y d*x GijD^X^ , (7.38) 

Z{/_^ = - ^^Tr J d*x D[iX'Dj]X'^ . (7.39) 

Note that although there are 16 supersymmetry charges only 8 of them (Q-) have a nontrivial rela- 
tion with V-. This is a well-known feature of light-cone gauge (c.f. the Green-Schwarz superstring). 
Furthermore any state with a nonvanishing V+ must break the supersymmetries. 

We also see that Gij only appears through its contribution to the central charge Z/. Here we 
take it to be a background, nondynamical field, in which case one only seems to obtain a conserved 
quantity in the case that D^Gij = 0, so that it decouples from (7.27). In this case Z/ is simply a 
boundary term depending on and Gij. 

Thus, to summarise, we impose the constraints D^Gij = [v^ ,v''] ~ [v'' = on the fields 
to ensure that their charges given above are well-defined and conserved. This is necessary in our 
treatment since we will ultimately quantise the theory and use the Hamiltonian as the generator 
of time evolution through a Schrodinger equation. 
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7.3 Quantisation 

We have seen above that the classical equations of motion can be solved up to a single second 
order evolution. We have also constructed the conserved momentum and central charges in the 
(2,0) algebra. In this section, rather than solve the second order classical evolution equation we 
instead wish to quantise the system using as the Hamiltonian. In particular we see that it can 
be written as 

P_ = ArTr / d^x d^A.d^A' - 2d^A,D'A_ + D,A_D'A_ + g^DiX'D'X^ . (7.40) 
J 

The first term gives the kinetic energy and can be expressed in terms of the metric gap on instanton 
moduli space defined by 

Tr J ct^x 6A,5A' = 5„^^m"(5m^ . (7.41) 

Here 5Ai — dAi/dm"5m" + DiSuj, with Slu is the gauge transformation required to preserve 
D'SA, = 0. 

Next we have a term that is linear in time derivatives: 

Tr J d'^x d^A,D'A_ j ^-^''^ = ' C^-"^^) 

where r is the radial normal direction to the sphere at infinity, rn" = d^m" and is a vector 
field on the instanton moduli space. We note that it is proportional to w, i.e. it is determined by 
the vacuum expectation value of A^, and can be viewed as a background gauge field. 

The last two terms can be written as a boundary integral and contribute to the potential. Thus 
we find that the Hamiltonian is 

V-^^9M^"-L'^){rh^-L0) + V, (7.43) 



where 



V = -^g^pL'^LP + j g^X' DrX' + A_DrA_ . (7.44) 



For Kj = this Hamiltonian has appeared before [111] and is known to admit 8 supersymmetries, 
which correspond to the Q_ here. In particular it was shown that 

2 

V - ^gapK^K^ , (7.45) 

where K°' is a tri-holomorphic Killing vector on the instanton moduli space which can be expressed 
purely in terms of the asymptotic values of X^ and the ADHM data [111] . By construction the 
Hamiltonian is also invariant under 8 supersymmetries when w ^ Q. 
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The next step is to decide on a momentum conjugate to the moduh coordinates m". The 
obvious choice is 

Pa = gapm'^ ■ (7.46) 

An ahernative quantisation could be Pa — (7q^(to^ — L^) however since depends on Wa this 
quantisation would then differ in various sectors of the theory. It would be interesting to ob- 
tain a symplectic structure on the entire (2, 0) system that leads to this. Quantisation is now 
straightforward and we just consider wavefunctions ^'(m", x^) and define 

Pa'^ = -i- , m"* = m"*, (7.47) 

dm"' ^ ^ 

where a hat denotes the quantum operator. 

There is one issue that requires some discussion, namely the moduli space generically contains 
singularities where the instantons shrink to zero size. These are not curvature singularities but 
rather more like orbifold singularities. Thus we should either seek to remove them or simply come 
up with a suitable prescription on the behaviour of the wavefunction at the singularities. Methods 
for pursuing the first approach were considered in [88] . For the second approach one could simply 
assume that physical wavefunctions need to be even under the orbifold action at each singularity. 

7.3.1 One Instanton Example 

For concreteness we now give the expressions above for the case of a single instanton i.e. 

V+ = -An^g^ , (7.48) 

with gauge group SU{2), including all the moduli. In this case we have {rjf^ are the self-dual 't 
Hooft matrices) 

A- = , ^""'S. . WaUaaU^K (7.51) 

Here there are eight moduli represented by the instanton size p, position and gauge embedding 
U e SU{2) = S^. Therefore, in total the moduh space is eight-dimensional. 

Our first task is to compute the metric. To do this we note that to ensure D^d-Ai = we find 
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that io is given by 



where we have introduced 

[/-i{/ = w"aa. (7.53) 
We can now compute the metric and find 

ds^ = 87r2(dp2 + p^du'^du") + Att^ dy'^dy'' . (7.54) 

This is just the flat metric on x M"' (u"^ are the left-invariant SU{2) forms of the unit 5*^). 
However we note that, by construction, U is indistinguishable from —U and therefore the actual 
moduli space is obtained by identifying U = —U and hence is the quotient M''/Z2 x M''. 
Next we evaluate 

/dA 
■^m" + DrUj , (7.55) 

where r is the normal direction to the boundary. The only contributions to this come from the 
0{l/r^) term in d^Ar- To evaluate (7.55) one notes that dAi/dy^ = 0{r^^) and, although the 
dAi/dp and dAi/dU terms are ©(r^^), their dA^/dp and dAr/dU components vanish. Thus we 
have 

j> d-Ar = <j) Druj = Air'^p^UifaaU^^ (7.56) 

and hence 

L„m" = STrV^ifa"" , (7.57) 

or equivalently = w°-52- If '^6 consider gauge transformations of the form U{x~) then L" will 
transform as a gauge field. For V we find 

V = AT:^9\yy . (7.58) 



Note that the first and last terms in (7.44) have completely cancelled each other and we expect 
that this is generically the case. Thus we have found that 

-P-^^ (p' + p^(u" - ^")(^t" - w^) + ^y'^f^ + An'gWyy. (7.59) 

It is also straightforward to show that the conserved momentum is 

= -27:^g-^m . (7.60) 
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More generally, for the case of point-like multi-instantons (i.e. widely separated compared to their 
individual scale sizes), one finds Vi ^ ^ iji is just the centre of mass momentum. 

Let us now discuss the central charges. First consider Zl^\ 



-2Tr j d'^x{d_A, - D,A_)D'X^ (7.61) 

= -2Tt (j){d-Ar.- DrA_)X' (7.62) 
= -IGir'^p'^viiu'' -w"). (7.63) 

This is the angular momentum associated to the action of SU{2) on the moduli space. 
In the one-instanton case the unique solution to D^Gij = is given by 

G,, = Go(.t2 + p'fxSt.^a , (7.64) 

where Gq is a constant. However conservation of Q and Vp^ requires that all fields vanish at infinity 
(and are not too singular at the origin) and hence we must take Go = so that = 0. We expect 
that any states that carry Zj charge are string- like states extended along some direction say x'^ . In 
this case the total V+ momentum is infinite but the per unit length should be finite. Therefore 
the quantum mechanical system reduces to motion on the monopole moduli space determined by 
the Nahm construction [112]. 

In addition we find that Z^^^j^ is given by 

Zl^^ = -2n'ph'^''^^1^vlvi . (7.65) 

However this vanishes since we demand that [v^ , v^] = in order that Q is conserved. More gener- 
ally we expect that any state with nonvanishing -Z/^^ should have co-dimension two, corresponding 
to 3-brane states of the M5-brane. In this case we need to consider states with finite 7'+ per unit 
area and the quantum mechanical system should then be reduced to the vortex moduli space. 

7.4 Null Reduction as Infinite Boost 

Finally it is instructive to see how the null reduction of the (2, 0) system above can be viewed as 
the limit of an infinite boost. This is in agreement with the general arguments for matrix models 
and light-cone quantisation given in [113]. In particular let us return to the general discussion for 
arbitrary and set 

C = , ^ + ^5 ) . 
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where /3 is real. For any |/3| < 1, is space-like and after a suitable Lorentz transformation could 
be taken to simply be = g^St^ and one reproduces five-dimensional maximally supersymmetric 
Yang-Mills. Taking /3 — ±1 corresponds to an infinite boost of the system along and leads to 
the null reduction we have discussed. 

Let us see how this works in the (2, 0) system. We introduce coordinates 

x° - Px'' x^ + /3.tO 

so that — (again we are cavalier about the 3-algebra indices for the sake of clarity). We 
now find that if we let 

F„- - -g'^H.j, , (7.67) 
Piu = —g'^Hiuv , (7.68) 
= -g^H,,^ , (7.69) 

then self-duality of H implies that Hijk = g^^£ijkiF^u and also: 

In the limit that P — 1 — e with e << 1 we see that 

^e^.kiF'^' = F,j + sG,j + 0(e2) , (7.71) 

and therefore the non- self-dual part of Fij is boosted away. However for any /3 7^ ±1 the gauge 
fields are not required to be self-dual and the reduction to quantum mechanics that we found above 
will not occur. 



7.5 Conclusions 

In this chapter we have constructed the conserved energy-momentum tensor and supercurrent 
for the (2, 0) system we reviewed in chapter 6. We then considered in detail the case of a null 
reduction to a novel dynamical system with 16 supersymmetries and an 50(5) R-symmetry in 
one null and four space dimensions. In particular we showed how the classical equations can be 
reduced to motion on the instanton moduli space. This allows us to quantise the system. In so 
doing we obtained the light-cone quantisation proposal of [88, 89], generalised to include a potential 
that arises when the scalars (or gauge field A_) have a nonvanishing vacuum expectation value, 
corresponding to the Coulomb branch where the M5-branes are separated. We were also able 
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to obtain expressions for the six-dimensional supersymmetry and Poincare algebras in terms of 
ADHM data of the instanton moduli space. This clarifies the relation of the quantum mechanical 
system to the full six-dimensional one. 

In our opinion the work in this chapter presents evidence that the (2, 0) system of [80] represents 
a complete Lorentz covariant picture of the M5-brane on a six-dimensional spacetime of the form 
M X S^. In particular it is capable of including and interpolating between two conjectures on the 
dynamics of M5-branes: namely the recent suggestions that the (2,0) theory on a space-like circle 
is precisely five-dimensional maximally supersymmetric Yang-Mills [100, 101] and also the older 
light-cone proposal of [88] . In particular the latter can now be seen to arise as a space- like boost of 
the former in accordance with the general prescription of [113]. Nevertheless it remains to be seen 
if these conjectures can be made to lead to a more robust and complete description of the (2,0) 
theory and hence the M5-brane, particularly on uncompactified spacetimes. 
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8.1 Thesis Summary 

Let us summarise what we have done in this thesis. We began in chapter 2 by describing the 
expected properties of the worldvolume theory of multiple M2-branes. This was followed by a 
review of the construction of the Bagger-Lambert-Gustavsson model which is superficially the 
long sought for theory of arbitrary multiple M2-branes. The key to this construction was the 
introduction of a novel algebraic structure called a real 3-algebra. The unique gauge algebra of the 
Euclidean BLG theory restricts it to describing at most two M2-branes and we provided details of 
this interpretation by examining its moduli space and outlining the 'novel Higgs mechanism'. We 
then mentioned work to circumvent the uniqueness theorem for the A4 3-algebra by relaxing the 
assumption of a positive definite 3-algebra metric and noted that the resulting ghost free theories 
seem to describe D2-branes or other Dp-branes wrapped on tori. After this we gave some details on 
how the Euclidean BLG can be rewritten as an ordinary gauge theory albeit with matter fields in 
the bifundamental representation of SU{2) x SU{2). We then introduced the ABJM theory which 
generalises the SU{2) x SU{2) model to gauge groups of the form U{N) x U{N) and describes N 
M2-branes in a C^/Z^ orbifold but has only manifest J\f — 6 supersymmetry. In the final part of 
the chapter we discussed complex 3-algebras and ultimately showed that for a particular choice of 
structure constants the ABJM theory is recovered. 

The Af — 6,8 supersymmetric 3-algebra Lagrangians detailed in chapter 2 are only leading 
order terms. The full actions involve an infinite expansion in powers of 1/Tm2 and also include the 
coupling to the M-theory background 3-form gauge field. These full actions are expected to remain 
supersymmetric (with Af — 6,8 as appropriate) and consequently the lowest order supersymmetry 
transformations must also be modified. We have extended the Lagrangians of chapter 2 in the 
following ways. 

In chapter 3 we were able to construct the coupling, in the infinite tension limit and at linear 
order, of both the JV ~ 8 and J\f = 6 Lagrangians to the background 3-form gauge field under the 
assumption that its 4-form field strength was constant. These coupling terms are gauge invariant 
and we showed explicitly that they were invariant under suitably modified supersymmetry trans- 
formations. We were also able to understand the origin of the mass terms on the worldvolume in 
terms of the back-reaction of the geometry. Subsequent work by other groups extending our results 
beyond linear order and for non-constant field strength can be found in [54, 114, 115]. 

In chapter 4 we tackled the next order Lagrangian and supersymmetry transformations for 
the Euclidean J\f = 8 theory. We started by positing an ansatz for both the 1/Tm2 corrections 
to the Lagrangian and supersymmetry transformations (both to lowest order in fermions). The 
Lagrangian was then varied and we showed that it was invariant if the coefficients in our ansatz 
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satisfied certain relations. We were able to solve the simultaneous equations relating the coeffi- 
cients up to an overall parameter. By looking to the Abelian DBI action for a single M2-brane 
the overall parameter was itself fixed. As a consistency check we computed the commutator of two 
supersymmetries on the scalar and gauge fields (again to lowest order in fermions). Pleasingly, 
the resulting simultaneous equations are solved by the numerical values we identified in the in- 
variance calculations and consequently the superalgebra closes. We have provided the full backing 
calculations, which were not included in [4], in appendix B and C. 

By M-theory/IIA string theory duality, circle compactification of a direction transverse to 
the worldvolume of N M2-branes should lead to N D2-branes in ten dimensions. One method 
of constructing a circle of radius R is to take the infinite real line and quotient by a discrete 
symmetry group generated by the integers i.e. = M/(27ri?Z). In chapter 5 we considered such 
a compactification by taking an infinite array of M2-branes in the ABJM model and imposing 
translational invariance on all the fields except for the imaginary component of one of the scalars. 
We then evaluated the effect on the ABJM Lagrangian of imposing translational invariance. We 
found that the resulting theory incorporates three-dimensional maximally supersymmetric Yang- 
Mills but is slightly more general as it allows for the appearance of nondynamical moduli. We also 
considered a cubic array of M2-branes and found a non-Lorentz invariant version of five-dimensional 
maximally supersymmetric Yang-Mills. 

Our focus switched from M2-branes to M5-branes in chapter 6. Here we reviewed the field 
content of the worldvolume theory of a single M5-brane. We built on this by explaining the 
expected properties of a theory of multiple M5-branes and some of the obstacles in constructing 
such a theory. The focus of the early part of this thesis means we are primarily interested in a 
3-algebra formulation of the non- Abelian (2, 0) theory which describes the dynamics of M5-branes. 
Such a formulation is known in the literature and we outlined its construction. We saw that the 
3-algebra (2, 0) theory involves an auxiliary vector field whose equation of motion restricts the 
nontrivial dynamics of the system to be five-dimensional. We also showed that five-dimensional 
supersymmetric Yang-Mills could be found from this non- Abelian 3-algebra system by choosing a 
space-like vacuum expectation value for the auxiliary field. 

In the penultimate chapter we constructed the conserved energy-momentum tensor and super- 
current associated with the 3-algebra formulation of the (2, 0) system. Both of these quantities are 
genuinely six-dimensional. We then investigated the (2, 0) equations of motion when the auxiliary 
vector field was given a null vacuum expectation value. Importantly, in light-cone coordinates the 
scalar potential vanishes and the equation of motion for the self-dual 3-form identifies a 2-forni 
gauge field strength which is self-dual in Euclidean space. This allows us to solve all but one (the 
time evolution equation) of the null reduced (2,0) equations of motion in terms of ADHM data. 
In light-cone coordinates the momentum parallel to the null auxiliary field is quantised and this is 
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interpreted as compactification of the M5-branes on a null circle. We were also able to quantise 
the null reduced system and connect with much earlier work involving the light-cone quantisation 
proposal of the (2, 0) theory. The work in chapter 7 together with the reduction to five-dimensional 
supersymmetric Yang-Mills in chapter 6 suggests that the 3-algebra formulation of the non-Abelian 
(2,0) system describes multiple M5-branes whose worldvolume is of the form A4 x S^. 

The original construction of the BLG model is a wonderful example of the power of supersym- 
metry. Armed with only a few basic properties of the field content and a willingness to not be 
limited by any preconceived notion of gauge symmetry, the requirements of supersymmetry deter- 
mine the structure of the theory. The most striking aspect of the BLG theory is the appearance 
of a 3-algebra. That they can also appear in the description of M5-branes suggests a deeper role 
in M-theory. However, this is tempered by the fact that there exist dual formulations of the three- 
dimensional 3-algebra theories in terms of bifundamental gauge theories. It is therefore debatable 
whether 3-algebras are fundamental in M-theory or not. Whatever the outcome of that debate, 
it is the view of this author that the 3-algebra formulations have a certain beauty to them and it 
would be disappointing if 3-algebras did not play a wider role in M-thcory. 

8.2 Further Work 

Our original research in this thesis has hopefully made a modest but useful contribution to the 
collective body of M-theory knowledge. To finish, we offer some suggestions for extending our 
work. In establishing the higher derivative results in chapter 4 we have made use of the identity 
j^labcd jye]fgh _ which is trivially satisfied by the structure constants of the Ai 3-algebra as 
jabcd ^ ^abcd g^^^ a,b,c,d £ {1,2,3,4}. Howcvcr, the Lorentzian and other non-Euclidean 3- 
algebras of [32-37] do not necessarily satisfy this identity and it is clear that our results do not 
hold for these wider classes of theories. Therefore, to extend our results to the non-Euclidean BLG 
theories we must abandon use of the identities which follow from /['^''^'^J^l/s'' = i.e. Eqs. (4.9), 
(4.10), (4.25) and (4.26). Consequently, we should reinstate the g, m and 6 terms in C\itmi (4-3) 
as well as adding terms to the order \/Tm2 supersymmetry transformations. The coefficients of 
the new terms would then be determined by repeating the analysis for the Ai case. 

Our higher derivative work is incomplete in the sense that we have only worked to lowest order 
in fermions. The quartic fermion terms in the action, which coincide for the Lorentzian [69] and 
Euclidean [70] BLG theories, are known. Incorporating higher fermions in the supersymmetry 
transformations would, in principle, allow us to verify that the entire theory at C'(l/T7v/2) is 
maximally supersymmetric and additionally, to close the superalgebra on all the fields. To proceed 
at this level would require the addition of supersymmetry transformations of the form 

TM2 5'X^ + (eTij){ijTDi;) + {eTi:)i;T[iP,X,X] , (8.1) 
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Tm2 S'A = + {eTij){4>TD^j)X + (eVib) i;T[ij, X, X]X , (8.2) 

Tm2 = + re{ipTD'iP)DX + Te{^prDi;)[X, X, X] 

+ Te i}T[i}, X, X]DX + Te ijr[tP, X, X] [X, X, X] . (8.3) 

The most general starting point would then involve taking all independent Lorentz invariant com- 
binations. However, the presence of two sets of F-matrices in the supersymmetries allows for 
many ways of contracting Lorentz indices and also brings into play the transverse duality relation 
cx e(8)r^^ In addition, the cubic fermions in Eqs. (8.1) and (8.2) can be rearranged using 
the Fierz relation. The impact of these features is to obscure which terms are independent so 
that even the starting point is difficult to determine. Moreover, the subsequent invariance and 
closure calculations would involve heavy use of the Fierz rearrangement and whilst tractable would 
represent a formidable computational challenge. 

With the exception of the Abelian U{1) x U{1) theory [116], the order I/Tm-i higher derivative 
extension of the ABJM model has not been examined. Possible methods of approaching the AB JM 
higher derivative extension have been discussed in [70] and [72]. A separate brute force approach 
is simply to consider the most general action and supervariations which are consistent with all 
symmetries of the system and try to demonstrate invariance and closure as we have done for the 
Ai BLG theory. It is conceivable that the arbitrary coefficients in the 1/Tm2 extension of ABJM 
can likewise be determined up to an overall scaling parameter. It would then remain to fix this 
scale parameter and there are at least two possible ways of doing this. First, we could directly 
compare against multiple D2-branes written in a suitable complex format by using the 'novel Higgs 
mechanism' for ABJM [43, 44] or perhaps by taking an infinite periodic array of M2-branes as we 
did in chapter 5. Secondly we could rewrite the results of chapter 4 in complex SU{2) x SU{2) 
form [42] and exploit the equivalence, at levels fc = 1,2 of the U{2) x U{2) ABJM and BLG 
theories. More generally it would be interesting to investigate the possibility of a 3-algebra DBI 
action for M2-branes. 

In chapter 6 we saw that multiple D4-branes could be recovered by choosing a space- like vacuum 
expectation value for the auxiliary field in the 3-algebra formulation of (2, 0) theory. Chapter 7 was 
concerned with giving the auxiliary field a light-like vev. There is one remaining choice for which 
is to give it a time-like vev. The resulting system is very similar to five-dimensional maximally 
supersymmetric Yang-Mills but in Euclidean signature. There has recently been interest in placing 
Euclideanised supersymmetric Yang-Mills on compact manifolds, particularly spheres. After taking 
the time-like reduction of the (2, 0) system it may be possible to put the theory on a five-sphere 
and use localisation techniques to exactly compute the partition function. This would hopefully 
lead to an improved understanding of the relationship between the six-dimensional (2,0) theory 
and five-dimensional supersymmetric Yang-Mills. 
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Throughout this thesis we have adopted the mostly plus convention for the Minkowski metric. We 
denote brane worldvolume indices by lower case Greek letters, ^, z^, . . . and directions transverse 
to the brane worldvolume by upper case Roman letters, /, J, . . .. In eleven dimensions our Clifford 
algebra matrices are Tm, m = 0, 1, . . . , 10. We always take the Clifford matrices to be real. 
The totally antisymmetric products of k F-matrices have transposes given by; 

^ -Cr(™'=)C-i if A: = 1,2,5,6,9 or 10,, 

^p(™fo)~j = (^_2^-)3'=('=+i)(7r(™fe)(7~i = ) (A.l) 

I+CT("^)C-i if /c = 0,3,4,7,8 or 11, 

where C = Fq is the antisymmetric charge conjugation matrix. We denote by F^'^") and F*^^™' the 
totally antisymmetric product of n worldvolume and m transverse F-niatrices respectively. Using 
the transpose property (A.l) together with {F^, F^} = we find for any two spinors x and ^ 

(A.2) 

^p(Mm)p(''„)p(/p);^ ^^_l'jS{m,n,p)Jj^{v„)Y{t^m)YiIp)^ ^ 

where x — X^C and ^(m, n,p) = p{m + n) + ^ni{m + 1) + ^n{n + 1) + -^pip + 1). Hence for x ~ ^2 
and A = ei 

{£2 [F^^'-^F^''")] r^f'phi if (-i)9("^".p) = +1, 
(A.3) 
e2{F(^"),F(''")}F('^p)ei if (-1)9(™^".p) = -1. 

The Fierz identity in eleven dimensions is 

(e-x)0 = -2-[^l ( + + (e-F„(/.)F™x - ^(er™„<^)F""x - ^(er™„p<^)F""Px 

+ 1 (eT,„„p,0)F'»"f «x + ^ (er™„p,.0)F""f ^--x) , (A.4) 

where [n] denotes the integer part of ri. The Fierz relations for eleven-dimensional spinors living 
on the worldvolume of either M2- or M5-branes are found by splitting the indices into worldvolume 
and transverse indices as appropriate. 
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A.l M2-branes 
A.l.l TV = 8 

The M2-brane worldvolume indices are ^, z/, . . . = 0, 1, 2 and the transverse indices are I, J, . . . = 
3,4,..., 10. The unbroken supcrsymmetry parameters, which are 32-component Majorana spinors, 
satisfy the following chiraUty conditions 

roi2e = + e, (A.5) 

roi2V' = -V'- (A.6) 

From the chirahty conditions and the choices roi23456789(io) — £012 — we deduce the 
following M2-brane F-matrix duality relations 

r^ivAC = -e^ii/Ae , r^Ae = -e^i^Ar^^e, Fae = +^e^i.Ar'"'e , (A. 7) 

r^.A^ = +£^.aV' , T^aV- = +£M-Ar^V^ , FAV = -^e,..Ar^"V', (A.8) 



('-1^3(8-fe-l)(8-'=) 



(A.IO) 



where e^^^ is the totally antisymmetric tensor in eight dimensions. 

For the J\f — 8 calculations in chapter 3 we have used the following identities found in [13] 

FmF"F^^ = + 4F^"' , (A.ll) 

FmF"-^^F^^ =0 , (A. 12) 

p/JPpifLAfWp^ _ _ p/p/f LAfAfpJ ^ pJpifLMWp/ -j^g-j 

p/p/fLpj _ pjpKLp/ ^ ^ 2r^^F-^-^ — 2F^'-'(5^^ + 2V^^ S'^'" — 2F^^5''^ 

+ 2F^-'(5^^ - 45^^' -'5^^ + 45^^(5-^^ , (A. 14) 

p/jAfpi^Lp^^ ^ ^ 2F^^F^'^ - 6F^'^,5^^ + 6F^^<5'^^ - 6F^^5^^ 

+ 6F^-'(5^^ + A5'^'^5'^ - 4^^^(5'^^ . (A. 15) 
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We have also used the eleven-dimensional Fierz identity, which for three spinors of the same chirality 
with respect to roi2, is 

(ex)'/' - = - ^ (^2(eT^(/.)r'^x " {eTij^)r"x + ^(eT^r„KL0)r^r^^^^x) • (A. 16) 

A.1.2 A/" =6 

The M2-brane worldvolume indices are fj,, i', ... — 0,1,2 and the transverse indices are A,B,... = 
1, 2, 3, 4. For the ABJM model we use two-component Majorana spinors and a real three-dimensional 
Clifford algebra with matrices 7^ such that 7012 — 1- 

For the Af — 6 calculations in chapter 3 we have used the following identities found in [18] 

^ef ^7^.e2CD S^= + e^^j,e2BC - 4^1.eiBC , (A.17) 

OjAC^ _ I -CE^ jtA -CE^ jtA 

^Cl e2BD — ClS-D — + ^1 ^2DE0b ^ ^2 ^IDEOg 

— El <^2DE'Jb^^2 ^IDEOb 
+ £1 ^2BE0d — €2 eiBEOD 

-e?''e2BESi + l§''e,BES^, (A.18) 

1 -_BF I - 

^1 lti^2EF — + eiAB7Me2CD " e2AS7MeiC-D 

+ eiA_D7Ai<:2BC — ^2ADlii^lBC 

-^lBDjf^^2AC + ^2BDlfiilAC ■ (A. 19) 

We have also used the three-dimensional Fierz identity, which for three spinors of the same chirality 
with respect to 7012, is 

(Ax)^ = -^(A^)X-^(A7.V')7'^X- (A.20) 

A.2 M5-branes 

The M5-brane worldvolume indices are . . . = 0, 1, . . . , 5 and the transverse indices are I, J, ... = 
6,7, ... , 10. The unbroken supersymmetry parameters, which arc 32-component Majorana spinors, 
satisfy the following chirality conditions 



roi2345e = + e, (A.21) 

roi2345V' = - V' • (A.22) 
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From the chirality conditions and the choices roi23456789(io) — +li £012345 = —1, we deduce the 
fohowing M5-brane F-matrix duality relations 

= _ v_^^^i...;.,.,....,e-.,r^^, , (A.24) 

F^-^'e = + tiltle^-^'^-^'-or,,..,,^^_,,e, (A.25) 

F^-^'^ - - j^^e'^-''^^-^<-"rj,...j,,_, V , (A.26) 

where e*-^^ and e^®' are the totally antisymmetric tensors in five and six dimensions. For the 
calculations in chapter 7 the following identities are useful 

F^F^ = +5, (A.27) 

pit p/pK ^ _3p7 ^ (-^ 28) 

pKp/jpK ^ _^p/j (^ 29) 

We will also need the Fierz identity, which for two spinors e, (j) of the same chirality with respect 
to F012345 and a spinor x of opposite chirality, is 

(ex)0 - (0x)e = ('2(6-F^0)F^x - 2(e-F'T^0)F,,F^x + ^^(eT^''^F^'V)F^,,F^^x) • (A.30) 
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B Higher Derivative BLG Invariance Calculations 

In this appendix we show in detail the calculations behind the invariance of the higher derivative 
corrected Lagrangian of chapter 4. The variation of the \/Tm2 corrected Lagrangian is 

~5C = 5'Cblg + 5Ci/Tm2. (B.l) 
where (setting Tm2 = 1 for convenience) 

5'Cblg - Tr{ - D^{5'^^xX' + S'^^^X' + 5'^^xX')D^^X' 

A^ + S'oDxA^.)x'D^X' 
- IX^'^mux^' + ^\ux^' + b'^ux^').^-\X^\ 

+ \ ip'zDX^ + ^'2DX^ + ^'iDxi' + ^'nDX^yDp.i> 

+ i^r''^M(<5W^ + ^'WX^ + ^'xDxi> + WV-) 

+ i ip'wxi' + ^'^Dxi' + ^'iDxi' + <^^,z,;f V^)r^^[x^ X\ ^] 

+ (B.2) 



= STr| + 4:aD''{6X')Df,X''D''X-'D^X^ - 43.(6 A^'X')Df,X'' D" X'' D^X^ 
+ AhD''{5X')Df,X'D''X-^D^X-' -Ah {5A^'X')D^X'D''X''D^X'^ 
+ 3ce'"'^ [6X^ ,X'\X'^]D^,X^ D^X-^ DxX^ 

+ Sce'"'^ X"''^ Df,{5X^)D^X-' DxX'^ - Sce^""^ X^-''^ {SAf,X^)D^X-' DxX'^ 
+ 4d [SX^, X\ X^]X^■'^D^'X^D^X^ + 2d [X^,X'\ SX^^]X^-'^ Df'X^ Df,X^ 
+ 2dX^-'^X"^D''{SX^)Df,X^ - 2dX^-'^X"^{5A^'X^)D^,X^ 
+ 6e [5X' ,X-' , X'^]X"'^D''X^D^X^ 

+ 2eX''"^ X^-"^ D''{6X^)Df,X^ - 2eX^-^^ X^-^^ {5A^'X^)D^X^ 
+ 12f [5X',X-\ 

+ id5oDxi^T^'T^'' D.^jD^X^ D'' X-' + id^T'^T" D,{SoDxi^)D,,X^ X'' 

+ iddiDX^'TT^' D^^jD^X^ D^X'' + idtPTfT" D^{6iDxi^)Df,X' X'' 

+ ie5QDX^r''D,yjD,,X'D''X^ + ie^pV'D.iSoDX^jD^X' D^^X' 

+ ieSiDX^r^D,^D^,X'D''X' + ie^pT^'D,{SiDX^)Dt.X' D-'X' 

+ ifSoDX^T^^^D^^pX^^D^X^ + lUv'-'^^ D,{5oDX^)X"^ D" X^ 
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+ i 



is6oDx4'r"D,^X''"'D''X'' + ii^r'''D,{Sf,Dxi^)X"''D-'X'' 
igSiDx4'r'''D,i;X''''D''X'' + igijV''D,{5iDx4>)X"''D'X'' 
i\x5oDxi'T"[X', X^, i^]D^^X'D^X'' + iMT"[X' , X^, 6^DxiAD^^ D ^X'' 
i\i5xDxi'Y'''[X'\x'^ ,'4J]D^'X' D^X^ + i\ii;T'-'[X\x'^ .SiDxi'WX' D^.X''^ 
i\6oDx4'T^''[X',X-\ ^]D^X'D,X'^ + lUr^'^lX', X-^, SoDxi']D^X'D,X-^ 
ilSiDxi^T^'''[X' , X-' ,yj]D^X' D^X-' + il^r^^'^lX' ,X-^ ,SiDxi^]D^X' D,X-^ 

ijSoDxi'r''''r"[x\x'',i;]D^x'D,x'' + iUr''-'r"[x-',x'',SoDxm^.x'D,x 

ijSiDx4>r''''r"[X'', X^, i;]D^X'D,,X'' + iUr'^''T"[X'', x^, 6iDxm^.x'D,x 
ik5oDxi'T'"^"[X^, X^,^j]Df,X^X-^^^ + ik^rT'-^[X'^ , X^ ,SoDxi']Df,X^ X'^'^^ 
iiiSiDX'4'T'"^"[X^, X^,i)]D^X'X-^'^^ + iki,T^'T'-'[X'^ ,X^ ,5iDX-il^]D^j,X' X-^'^^ 
+ i\5oDx^y^[X' , X\ + dv;r^[X^ X'\ 5oDX^]D^X'^X"'^ 
+ m^DX^y^lX' , X-\ i;]D,,X'^X"'' + iUT^[X', X\ 5^Dxij]D^X'' X"'^ 

+ zMoi3xV^r^r^'^[x^, x^, + ^nv;^^^"[x^, X'^,5oDxiAX'-''^D^,X'^ 

+ in5iDxi'T''T''\X^ , X^, tlj]X''^'^ D^X^ + ih^jrT^''[X^ , X^ Jidx^AX^''^ D^,X^ 

+ ipSoDxi^r" [x'',x\ ^]x''^'x'''^^' + zp^r" [x^ , , s^dx m'^^'x'"'^^' 

+ ip5,DX^T"[X'', X\i,\X"^"x'''^^' + zpV;r"[X^, X^ V]^"*'^'"'^''} 
+ (B.3) 

and the variations 8 and 8' have been given in Eqs. (2.19) - (2.20) and (4.13) - (4.24) in the main body 
of this thesis. From 5' Cblg and 5Ci/Tm2 '^''^^ pick terms according to the number of derivatives 
they contain. We will consider these terms separately and in decreasing order of derivatives in the 
following sections. 

After selecting the required terms we perform the following manipulations which are common 
to each section. Into the chosen terms we insert the appropriate supersymmetry transformations 
and use the spinor flip condition (A. 2) to place the supersymmetry parameter e to the left of the 
fermions V' and D^. We then commute the worldvolume F-matrices through the transverse ones 
so that they lie next to the fermions. The next step is to dualise the worldvolume F-matrices 
using (A. 8) whenever they are accompanied by e^i/A- We are then in a position to expand out all 
F-matrices using the Clifford algebra. The matrix algebra, which we perform separately in each 
subsection below, has been aided by use the Cadabra symbolic computer algebra package [73, 74]. 
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B.l Four Derivative Terms - 6C4 

These terms have been covered in chapter 4. 

B.2 Three Derivative Terms - SC^ 

The terms from (B.2) and (B.3) which contain a total of three derivatives are 

- isjeT-^^^'^T^'D''{i}jD^X-^X^^")D^X^ - isseT^^^'T^'D''{iijD^X^ X-^^^'^)D^X^ 
-isger'^^r''D''{ijD^X-^X'-"^^)D^X^ 

- igieV-^V^PlX-' , X' , D^'X']D^X'^ X^ - ig2eT-'V''i:[X'' , X' , D^'X^]Df,X^ D^X^ 

- igser^ViljiX^, X^, D^'X^]D^X■'D^X^ - ig^ir^ViljiX^ , X\ Dt'X^]Df,X^ D^X ' 

- ig5eT-^T^'i}[X^,X^, Df,X']D^X-^ D" X^ - igeer'r^"'^'iP[X'^ , X' , Df,X']D^X'^ DxX'^ 

- ig7eT-^^^T'"'^i;[X-^, X^ , Df,X']D^X^ DxX^ - ig^er'^^V^lX-^ X' , D^'X']D^,X^ D^X^ 
+ '^JilT^'^^^^V'^Tt'D^iPD^X' DxX-^ X^^''' - \f^eT"'^^^^T''^Tt'ijD^{D^X^DxX-^X'^^^'^) 

- ^hlV'^^^'^V'^T^'D^tl^D^X'^ DxX'^ X-'^^^ + \hlT'^^^^T''^Tt'iljD^{D^X-^ DxX'^ X-^^^^) 
+ ^fe£r'^'r''^T^'Df,^/jD^X-' DxX'^ X-"^'^' ~ yeer'^'T''^r''^/jD^{D,.X'^ DxX'^ X'''^'^') 

+ IhlT'^^^T^'D^iPD^X-^ D'' X'^ X'^^^^ - ^f^l^'^^'^^T^'i;Df,{D^X^ D-'X'' X'^^'^') 
+ l/ger^^^^r^D^V^'^X-'D'^X^X^^*^ - lfser'^^'^'T''^D^{D^X''D''X'^X-'^^') 

- yier'^^'^^T"r'"'^[X',X-^, ij]Df,X^D^X^DxX'^' 

+ ifiir'^^'^'r^-'r'"'^',p[x', x-\ d^x'^d^x^DxX'^^] 

- lf2e^^T^■'T^'[X^, X\ iP]D^X^ D^X^ X^ 
+ j/2er^r^'^P'i/'[^^ Df^X^D^X^D^X^] 

- lf3lT^T^■'T^'[X^, X\ ij]D^X^D^X^D''X^ 
+ lf3lT^T'-^T^'ij[X' , X'\ Df,X^ D„X^ D'' X^] 

- igQeT'^'^^'T^xl^D'' X' X'^^^' {F,xX') - igwlT^^^^'V^xl^D" X'' X'^^' {F,xX') 

- igxilT^'V^xl^D" X-^ X"^^ {F^xX^) + yi2eT^^''^Tt'P''tljD^,X' X'^^^^ {Fp^X^) 
+ lgi3lT''^^''T''P^%ljD^,X^ X^^^\Fp„X^) + '^gueT^^T''P''i:DpX^ X"^' {Fp^X^) 

- 4:ia.er''^r^'[X^ ,X' ,i}]D^X-'D''X-^D^X' - 4:iher'^r>'[X^ ,X^,i:]DpX'D''X-^D^X-^ 
+ Sic eV^r^^'^l^P, X-', X^]DpX'D^X'^DxX^ + 3ic lT'T^"'^Dp^:D^X■^ DxX'^ X'-''^ 

- lder^^'^'T"T''D^iljDpX'D''X-^X'^^'^" ~ ^deT'^^'^'r^'^r''i:D^{X'^^'^')DpX' D^X'^ 

- lelT'^^^^T^'D''^ljDpX' D^X^ X'^^^'^ + ^eeT^^'^'^rf'tPD'' {X^^^'')DpX^ D^X^ 

+ ihT^'T"'^^T^'D^i^X"'^D''X^D^X^' + iieT^'T"^^T^'i;D^{DpX^'^)X^'^^ D" X^ 
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+ iher^r^"'r^[X"', X^, ij]D''X^D^X'^Df,X^ ~ iher^r"r''i;[X-^ , X^, Df,X^]D''X'D^X^ 
+ i\eT'^T^r^"'[X^ , X'\iP]D^,X'D^X-^DxX^ - i\eT'^T^V^"'■^}J[X' , X^ DxX^]Df,X' D^X'' 
+ ijeT^T"T^T^"'[X' , X^ ,^P]Df,X' D^.X'^ DxX^ 

+ i]eT^T'''r^T>"'i:[X' ,X'^ ,DxX^]Di,X^ D^X^^ , (B.4) 

where we have used e'-'-'"'T ^yipFp^ = —2T^'4'F^x- Expanding out the F-matrices we find six distinct 
types of index structure: 

p(5)-pAii^A p(3)pAiJ/A p(l)pM''>' p(5)p;i p(3)pM p(l)pM (J^ 5^ 

where F^"^ represents F-matrices with n antisymmetric transverse Lorentz indices. We now consider 
each of these in turn. 

B.2.1 T^^)T^"'^ terms 
The f(5)f^'^^ terms are 



STr| +i (-i/i) eT^"'^^^^T^'''\X^ ,X-\il:]D^X'^ D^X^DxX^ 

+ 1 - I/4) eT'■"^^'''T^'''^i![X' ,XKDpX^]D^X^DxX^^ 

+ i i+lh) eT"'^^^'^T^'''^D^i;D^X^ DxX-' X^^''^ 

+ I (-i/4) lT"'^^^'T''''^il}Dp{D^X'DxX'')X^^''^^ . (B.6) 

The final term S'T^:{tT^^^'^^^^T^'''^i}D^,{D^X^ DxX'^)X^^^^} is zero because 

STY{eV'-^^^^Tt"'^i)D^{D^X'DxX-')X^^'''} = 2STr{eF^-^-^^*^F'^''V(i^M^^^)^^^*^^A^^} 

(B.7) 

and the right hand side vanishes after application of Eq. (4.26). We can therefore add any multiple 
of this term as we please. This allows us to write the variation as 

STr| +i (-i/i) lT^■^'^^''^T^"'^[X\x\i}]D^X^ D^X^DxX''^ 

+ i (-i/4) eF"■^^*^F^'^^V[^^^•^£'p^^]^^^^^A^*^ 
+ i (+i/4) eT^-^'^^^^T^'''^D^ijD^X^ DxX'' X'^^"' 



/i) eT"'^^^^T^'''^ij[X^ ,X'\D^,X^]D^X^DxX^^^ (B. 
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STr| + i 



+ i 



STr 



+ i 



-\fi)eT^'''^^"T^'''^^[X^ ,X'\D^,X^D^X^DxX''^] 
+ y^)eT'''''^'''T^''^D^^D,X'DxX'x''''^' 
+ \h)t^''"^^''''^^''^ipD^X' DxX-' D^iX'^^^')^ 

-\h)fT^■''^^''^T^"'^[X',X■',i}]D^X^D^X^DxX^^ 
-\fi)eT^■''^^'"^T^"'^i}[X' ^X-^D^X^D^X^Dy^X"'] 
+ lfi)eT"'^^"T^'''^D^ijD^X^DxX-'x'^^''' 



(B.9) 



(B.IO) 



If Ji — ^/i the first two lines vanisli through the gauge invariance condition (4.5) and the last two 
lines are a total derivative. In the analysis of 5Ci in chapter 4 we found /i = +|d hence invariance 
demands that fi 



B.2. 2 T^^)t>"'^ terms 
The r(3)r^''-^ terms are 



STr 



« l-i/s) eT"'^Tt"'^D^,iljD^X'''DxX^X'^^^'^ 



i (+i/5) lY'-'^^T^^-^^D^^ip^X''' DxX' X'^^') 
i 



M\ vJKM 



fi +j) er^''''^r'"'^[X^ ,X'^' ,^/j]Df,X'^^ D^X^ DxX^ 



-f/i -57) eT"^T'"'^^[X^,X^\D^X'^^]D^X^DxX^ 



(B.ll) 



The identity (4.26) can be used to show 



+ ^gi2STT{er^'"^r^"'^i;Di,X^^{F,xX^')X^'"^} = +fgi2STi-{eT"^r^''^i;D^X^'iF^xX^)X''^^'} . 

(B.12) 

Using this result and expanding out the terms leads to 

STr| + i (-5/5) er"'-^r'"'^Df,iPD^X^'DxX'X'''^'^' 



+ bu) eT"''T^^-^^D4D,X^')DxX'X 
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+ - §512) eT"^T^-''^D,X''D,{D^X')X'^^ 

+ i{+lfi +j) eT"''T'"'^[X' ,X^' ,i^]D^X^ D,X' DxX'' 
+ * (-f/i - ,97) eT''''T^^-'^i;[X',X^,D^X''']D^X-'DxX'' 
+ « (-i/i + si) eT"''T''''^i;D^X^[X',X^,D,X-'DxX'']} . 

The final three terms are zero by the gauge invariance condition if 



(B.13) 



Ifi +j = -i/i -57 



(B.14) 



Solving these simultaneous equations yields /i = — gj and /i = +157- The first four lines vanish 
only if /s = which forces 512 = and 313 = 0. We know from the ^£4 terms that /i = +gd so 
we find j = — d and 57 = +|d. 

B.2.3 r(i)r''''^ terms 
The r(i)r'"'^ terms are 



rlJK 



STr{ +i{+ye+ 3c) IT'T^"'^D^'iI,D,X^ D^X"^ X' 

+ * {-\h + 5314) eT^r^'^V^M(^.^''i?A^''')^''''^ 



+ i 
+ i 

+ i 
+ i 
+ i 



+3c + i+j) er^r''''^[X^,X^,V]i?;.X^-D.X-^DA^^ 
-i) lT'V^'''>^i,D^X' DxX'^lX' ^X'' ,D^X'] 
(-i/i - ^56 + \t) lT'V^''^i,D^X\X',X'',D,X'DxX'']} 



(B.15) 



To proceed we see that we have two terms which are identical and so we can redistribute their 
coefficients in the following way 



STr{ +i (-i/e) eT'T^'''^i,D,X^ DxX'^lD^X' ,X^ ,X'^] 

+ i - i) iVV^^^^i^D^X' DxX'^lX' ,X'' ,D^X']^ 

STr{ +i (-i/e - ij) eV'W'^i^D^X' DxX'^lD^X' ,X' ,X''] 



(B.16) 



(B.17) 
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UK 



This allows us to write the r^F^'^'^ terms as 

STr{ + i (+i/6 + 3c) er'T^"'^Df,^pD^X'^DxX^X 

+ * (-5/6 + ^314) eT'T^^''^^Df,{D,xJD^X'')X"'' 
+ i (-1/6 - €T'T^-^i,D,X'DxX''D^{X"'') 

+ 3c + i+j) eT^T'"'^[X-^ , X^ ,ijj]Df,X' D^X-^ DxX'^ 
+ * - i + ij) er^r^^Vl^-", X"", D^X'jD^X-'DxX'' 

+ i (-i/i - l96 + h^) eT'T^-^7pD^X'[X-',X^,D,X^D^X^]} . (B.18) 

The first three terms form a total derivative if 

+ i/e + 3c = -i/6 + 1514 = -i/6 - (B.19) 

which are solved by /g = —3c — and (714 = — j. The final three terms are zero by the gauge 
invariance condition if 

+ |/i + 3c + i + j = - i + = -i/i - ye + hi ■ (B-20) 

This gives ge = +21 and /i = — c — |i — gj. Using the value ge = —2d from the four derivative 
section and the value /i = gd from both the four derivative section and the r^F'''''^ section above, 
we find i = — d and c = +|d. This then forces the values gu = +d and /g = — |d. 

B.2.4 F(5)F'' terms 
The F(5)F'' terms are 



STr| + I (+/4 + S5 - gd - f) eT"^^'^T^'D■'i}D^X^D^X'^X 

+ I f-/4 + S5 - f) lV^^^^^Y^'i)U' {B^,X^)D,X-^ X^^^ 



KLM 



+ 1 i-fi) er"^^'^r''iPD^X'D''{D^X-^)X^^'^ 

+ i (-/4 + S5 - gd) eT"^^^Ti'i;D^X^D^X-^D''{X^^^)^ . (B.21) 



This forms a total derivative if 



+ /4 + S5 - |d - f = -/4 + S5 - f = -/4 = -/4 + S5 " ^d . (B.22) 

The solution to these equations is fi = +]^d, S5 = +gd and f = +gd. 
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B.2.5 r(3)r'^ terms 

The r(3)r'' terms are 



'JKL 



STr{ + i (-S8 + 3f) eT^■'^T^'D''i)D^,X^D^X^X' 

+ i (-2s8 - d - j) eT'^^Ti''4)D^,X^D^X^[D''X^ , X^ , X^ 
+ i (-S7 + |d + g) eT"^T^D'''tl)D^X'D^X^X-'^^ 

+ i{+lh + gd) er^-^^r''^£>^X^L>,X^[X-^,X^,£)'^X^] 
+ i (+h + j) er^-^'^r''[X-^, X^, '^]D''X^D^X^D^X^ 

+ i (-57) er^'^^'r^V^p^^^'-^^I^ ^ D^X^] 
{-ss)er"'^r''tPD^X^D^X^[X',X^,D''X^] 
{-gs) eT"^Tt'ijjD^X^D^X^[X'^, X^.D^X^] 
{+\h) eT"^T^D^'il)D^X^D''X^X'^^^ 
{-\h) eT"^T^'il}D^{D^X^)D''X^X-'^'^ 
(-S8 + 3f) er"^T^'i;D^{Df,X^)D''X^X-^^^ 
{-\h)(T''^^Tt'iPD''X^Df,{D^X^)X'^'^^ 
{-s^ - g) eT"'^T^'■^|;D''X^D^{D^,X^)X■^^^ 
(-/s + h) eT"^Ti'il}D^X^D''X^[D^X-' , X^ , X^] 

(+5/2 - 5/8) er"-^r''V£'.^^-D"^'[^'',^'^,-D^^^] 

(-i/2) eT"^T'^[X^, X-', i)\D^X^D^X^D''X^ 

{-\h) eT^■'^T^'■lP[X^ , X'^ , Df,X^]D^X^ D" X^^ 
(+1/2 - id) eT^'^^Tf'^Di^X^iX^ , X-^ , D^X^jD^X^ 

(+1/2 + 56) er"^r''V£'^x^£'.x^[x^x-^,£)''x^] 

(-3/3) er^-^^r''[X^ X'^, 'il}]D^X^D^X^D''X^ 
(+5/7) eT"^T''D^'iPD^X^D''X^X"^ 
{-fr) er"'^r>'i:D^{D^X^)D"X^X"^ 
i (-S6 - f) er"'^r''^D^{Di,X^)D''X^X"^ 

+ « (+1/3 - 5/7) er^-^r^vi'.x^D^x^fx^ x-^, £>^X^] 

+ i (-S6 - f - ge) eT"^Ti'D''il}D^X^D^X^X"^ 



+ i 
+ i 
+ i 
+ i 
+ i 
+ i 
+ i 
+ i 
+ i 
+ i 



+ ^ 
+ i 
+ i 
+ i 
+ i 
+ i 
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+ i i+gw) eT"^T^'i)D•'X\F|,^X^)X•^^^} . (B.23) 

We know +i/2 - id = +^72 + 56 = , +5d+ i/3 - -i/3, d = -j, d = -e and f = -^e. In 

addition we have previously found /s and gg to be zero. Using this coefficient data and swapping 
the order of the covariant derivatives in some terms at the expense of introducing a field strength 
we get 

STr{ + i {-se) eV'-'^Tt'D''{i,D^X^D^X^X'''^) 
+ i (+S6) eT^''^T^'i)D^X^X^-'^D''{D^X^) 

+ i (-S7) eT"^Ti^ijjD^X^ D^X^[X-^ , X^ , D" X^] 

+ i (-sg) eT"^Ti'D''{xi)D^X^D^X^X-'^^) 
+ i i+ss) €r"^T^''tpDi,X^X'^^^D''{D^X') 

+ i (-S7 + id + er^-^'^rt'D''i;Df,X'D^X'^X '"^^ 

+ i (+d-h) eT"^Ti^[X'^ , X^ ,'il;]Di^X^ D^X^ D^X^ 
+ i (+2s7) eT^-'^T^'i)D^X^[X-^ , X^ , D" X^]D^X^ 

+ i (+id - ih) er"'^r^2pD^X^D''X^[X-', X^ , D^X^] 

+ i mis) er''"'^r"D^tjjD„X^D"X'X'"'^^ 
+ i (-5/8 + ^d) eT''^^T^'i,D^{D,X^)D''X'X^^^ 
+ i {-\h -S7-k) eT"''T^ijD''X'^D^{D^X')X''''^ 
+ i (-i/s + ih) eT"^T^'i;D^X^D-'X^D^{XJ^^) 

+ i (+5/7) er^-'^r''D^tpD^X^D''X^X^'''^ 

+ i (-5/7 - eT"^T^'7pD^{D^X^D''X^)X"^ 

+ i (-5/7 - T2^) eT"^Vi'i,D^X^D"X^D^{X"^) 

+ i {+sr + g) eT"''r^',pD''X''{F^,X')X-''''' 
+ i {+910 - gd) er"^r''V(f'^.X^)£>'^X^X'^^^ 

+ i (+99 + gd) eT"^T^'^{F|,^X^)D•'X^X"^} . (B.24) 
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Many of these terms cannot be formed into total derivatives or be removed through the gauge 
invariance condition and so we must set their coefficients to zero. This teUs us 

S6 = 0, S7 = 0, S8 = 0, g = -^d, h = +d. (B.25) 

Further, we get two total derivatives if 

+ l/s - -|/8 + id = -i/s - S7 - g = -i/s + ih (B.26) 

and 

+ 5/7 = -i/7-nd. (B.27) 
Solving these simultaneous equations we find /t = "xj '"^^^ •^s = +5*1. The remaining terms are 

STr| + i (+g) eT^'^^Tt'iPD''X^{F^^X^)X'^^^ 

+ * (+510 - ^d) er^-'^r^i^(F^,X^)Z?'^X^X'^^^ 

+ i (+.99 + gd) er"^^^'^P{F^^X^)D''X^X"'^^ (B.28) 



^JKL 



= STr{ + i (+3,99 + g + id) eT^'^^Tt'tpD'' X^ {F^^X^)X-' 

+ i (+.910 - id) er"'^r''i,{F^,X^)D''X'X-'^^} , (B.29) 

where we have employed Eq. (4.26). Each coefficient above must be zero and because g + id = 
we see that 59 = and gio — 

B.2. 6 r(i)r'' terms 

The r(i)r^ terms are 

STr{ + I (+/6 + sg + d - 2g) lT^T^'D''i:D^X■^D,X^X"'^ 
+ « (-/e + S9 + 2g) er^r''7Ai?''(i?^X^)i?,X^X^'^^ 

-/e + S9 + d) er^r^^i^^X^i?,X^i?'^(X^^^) 
(-h- 2i+j) €T^T''[X-' ,X^ ,ijj]D'' X^ Df,X^ D^X'^ 

(+2i) er^r^7/;[X"^, x^, d'^x-^jd^x-'d^x^ 

(+55 + h) lT^T^'^|}D''X^[X•\ X^ , Df,X-']D^X^ 
-.93 +j) er'r''iPD''X'D,,X'^[X\x'',D,X''] 
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+ i(+94 +j) er'r''i)[X'^,X'',D-'X-^]D^X'D,X'' 

+ i (+5/2 -4a + h-j) €T'^^'[X' , X^ ,xP]D^X'' D^X'' D-'X'^ 

+ i (-i/2 - h) er'ri'ip[X^,X\D^X^]D''X'^D^X-^ 

+ i (-5/2 - j) er^r''V£'^x^[x^x-^,£)'^x^]£>,x-^ 

+ i (-5/2 - 52) er'T^i;D^X''D^X''[X',X^, D'^X'] 

+ « (+5/3 - 4b +j) er^r'^lX^ X-', i;]D^X'^D,X'^D-'X'' 

+ i (-5/3 - 51) er'r^^[X',X\ D^X']D,X''D"X'' 

+ i (-511) er^r'^V£'^X-^X"^(i?^,X^)} . (B.30) 

To these terms we add zero in the following form 

= STr{ (-2d + 2d) eV^Tt'ij^Df.X-' D^X^ D^iX"^)^ (B.31) 

= STr{ (-2d) er^r^'il>D^X-^D^X^D''{X"^) 

(+2d) eT^T''i;D^X'^D^X^[D''X^,X'^,X^] 
(+2d) eT^T'''iJjDf,X 'D„X^[X^, D" X^ , X^] 

(+2d) eT^T^'i}D^,X^ D^X^[X^ ,X'' ^D^X^]^ . (B.32) 
We then get after reordering some blocks of terms 

STr{ + i (+/6 + sg + d - 2g) eT^Ti'D''i;Df,X-'D^X^X"^ 

+ i i-fe + S9 + 2g) er'r^i^D-(D^X-')D,X''x"'' 

+ i (-/e) eT^T^'^l^D^X-' D''{D^X^)X^-'^ 

+ i (-/e + S9 - d) eV'V^i,D^X'D^X''D''{X"'') 

+ i (+5/2 - 4a + h - j) lT'T^'[X', X-\ i^]D^X^ D.X'' D'' X^ 

+ i (-i/2 - h) iV'Vi^lX' ,X^ ,D^X'']D'' X'' D^X^ 

+ i(-\f2 - 2d- j) IT'T'^^D^X'^IX' ,X^ ,D''X'']D,X-' 

+ i (-5/2 - 92) lT'T^^i,D^X''D,X''[X',X-\ U'X'] 

+ i (-h - 2i + j) €T^Ti^[X'', X^, ip]D''X^ D^X'^ D^X^ 
+ i (+2d + 2i) eT^T^'tp[X\ X^, D" X^]D^X'^ D^X^ 
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55 + hj e^'^^'iJD''X^[X■', , D^X'']D^X^ 
« (-53 + j) er'r^i^D-'X'D^,X''[X^,X'',D,X''] 

54 + j) €r'r>'ij[X-^,X^ ,D''X-^]Df,X^D^X^ 

5/3 - 4b +j) er'r''[X',X'',^l,]D^X''D,X'^D-'X'' 
^y3~9i)^r'T'^^[X',X-',D^X-']D,X''D''X'' 



+ i (-i/3 + d+ ijj eT'T^'^D,,X-\x' ,X-\D''X'^D,X''] 
+ I (-511) lT'T^^i^D''X'x''''{F^,X'')^ . (B.33) 

These terms group into total derivatives or are zero by the gauge invariance condition (4.5) with 
the exception of the final term which must be zero, hence 511 = 0. The first block of terms gives 
us 

/e + sg + d - 2g = -U + S9 + 2g = -fe - -/g + sg - d . (B.34) 
This is solved by /g — — f d, sg = +d and g = — ^d. The second block gives 

+ i/2 - 4a+ h - j = -i/2 - h = -i/2 - 2d - j = -i/2 - 92 . (B.35) 

We have previously found a = +d, /2 = +d and 52 = +d from 5C4. Using these values enables us 
to identify j = — d and h = +d, which agree with the analysis of earlier sections above. The third 
block gives us the conditions 

- h - 2i + j = +2d + 2i = +5-5 + h = -53 + j . (B.36) 

Pleasingly these equations are satisfied with our previously discovered values for the coefficients 
and our new value, h = +d. The fourth and fifth blocks of terms also confirm values we have 
found earlier in our analysis. 

B.3 Two Derivative Terms - 5C2 

The terms from (B.2) and (B.3) which contain a total of two derivatives are 

STr{ - isio eT^Df{tl;X-^^^X-^^^)Df,X^ ~ isn eV^ D^'i'iljX-^^^ X"^)D^X^ 
+ z59er^^^^r'^>[X^ X-^, D^X^]D^X^X^^^' 

+ lglllT^^T^"'■^p[X' ,X^ ,D^X^]D^X-' X'''^' + ^5l2e^^^*V[^^ , D^'X'^]D^X^ X^^'^' 
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- y-i_eT^^^Ti^''[X'' ,X^ ,'tl}D^X''D^X^\X"^ - ^S2er^T^"'[X-^ ,X^ ,tpD^X^D^X^]X'^^^ 

- ^S3eT^[X'^ , X^ ,'il;Di^X^ Di^X^jX'^^^ - isAeT^[X'^ ,X^ ,ii)Di'X^D^X^]X"^ 

- {fQeT^Di^'il)D^X^X^^^X-'^^ + ygeT^il}Di'{Di,X' X'^^^X-'^'^) 

+ lheT^T''''D^ijD^X^X^^^X-'^^ - yQeT'Tf"'il;Df,{D„X^ X'^^^X'^^^) 

- ^floeT^D^'i;Df,X■^X■^^^X^^^ + \fw€T^1pD^'{D^X•^ X'^^^X'^^) 

+ lhQeT'T'"'D^,^D^X-^X'''^^X'^^ - yioeT'^'"'^pDf,{D^X-^ X-'^^X'^^) 
+ iUeT''^^''^T"T^''[X' ,XJ ,^]D^X'^ D^X^X^^o 

- if5eT^^^T"T'"'[X',X'^,i;]D^X^D,X^X^^^ 
+ if5eT^^^T"T''''^[X^,X-', D^X^D.X^X^^^] 
+ lU eT'^T^-^T'"'[X' , X-', ij]D^X^D^X^'^X'^^^ 

- |/6e^^^"^''''V[^^ d^x^d^x^x^^^] 

- |/7er^^^r"^[X^ X^, 

+ i/s er^^^r"[X^ X^, ij]D^X''D^X''X'-^'' 

- 3ice^''^ eT^Ti^[X^, X\ xP]X-^^^ D^X^ D^X^ 

+ 4id eT^lX'^, X^, i;]X"^Di^X^Di^X^ + 2id eT^lX'^, X^ , ipjX-^^^Di^X^Di^X^ 
+ 2id eT^D''ipX"^X'^^^D^X^ + 6ie eT^[X'^, X^ip]X"^ Di^X^D^X^ 
+ 2ieeT^D^''il;X'^^^X-'^^D^X^ 

- |geT^^^r^^i?^^X^'^^X^^^i?^X^ + j.ger'^'''''r"i;D^'{X''''^)X"''D^X'' 

+ ii!.eT^T"[X^,X^,^]D''X^D^X^X'^^^ +ii<.eT^T"ilj[X^,X^,D''X^]D^X^X'^^^ 

+ ileT^[X'^ , X^ ,'il;]Di^X^ D^X^X'^^^ - ileT^'il;[X-^ ,X^ , Di^X^]D^X^X'^^^ 

+ ineT^T"[X'^ ,X^ ,ij]X"^ Di'X^ D^X^ + iner^T"ij[X^ ,X^, D^'X^]X"^ Di,X^ 

+ |i er^^^r'^XX^ X-^, X'^^^jD^X'D^X'^ 
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- ik IT^'t'''T^"'iI:[X^ ,X^ ,D^X''^]Df,X' X-''^^ 

- i\ er^r'^" [X^, X^, i:]D^X^D^,X^X-^^^ + i\ e^^^^'^^^[^•^ D^X^]D^,X^X'^^^ 

- ih€r'^'T"T^"'[X'^,X^,^P]X"^D^X'^'Df,X^ 

- theT^'T"T^"'^j[X'^ , X^ , D^X'^']X''"^ D^X^} . (B.37) 
Once expanded, the F-matrices have the following structure: 

p(7)pA'i' ^ p(7) ^ p(5)pM"^ ^ p(5) ^ p(3)p/ii^ ^ p(3) ^ p(l)pMi' ^ p(l) _ (B.38) 

Once again, we will deal with these in turn. 

B.3.1 r(^)r'"' terms 
The r(^)r^'' terms are 

STr{ + 1 (+1/4) er^^^^^^Or^'^iX^X'^^lZ^^X^i^.X^X*^^^ 

+ er^^^^*^^0r^'^^[X^X^,i5^X^i^,X^X*^^0]} . (B.39) 

Using Eqs. (4.25) and (4.26) as well as the fundamental identity we can show that each of these 
terms is identically zero. 

B.3. 2 r(^) terms 

Similarly, we find the T^^) terms are also zero 

= STr{ + 1 (-if) ^T"'''^^'^('D^^^X"''X^''''^D^X^ 

+ i (-if) eT^^™~07^[i?^X*^X~,xO]X"^i?^;f^} . (B.40) 

B.3. 3 r(5)r'"' terms 

The r(5)r^'' terms are (we have used /a = from the r(3)r'^''^ section of £3) 
STr{ + z (-ij - /4) er^'^™r^''[X^X^, 
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+ I i+fi) eT"'^^^'T^"'ijX^'^^[X\ X^, D^X^']D^X^ 

\U) e^^^™^^''V[^^^'^,^^'^'^i^M^^^.^*']} • (B.41) 



Using the identity (4.10) we can show 

STT{(:T"^^^^r''''[X' ^X'^ ,ijj]X-'^^ D^X^^ D^X'^} ==0, (B.42) 

STr{er^-^-^^*^r^'^[X^ X^, D^X^D^X'^']X-'^'^} =0 , (B.43) 

STT{eT'-'^^'^'rf"'[X^ ,X^ ,ij]X-'^^D^X^^ D^X'^} =0, (B.44) 

STr{er^-'-^^*^r^'^V^"'^^[X^X^,D^X^^]D^X^} =0, (B.45) 

It then foUows by the gauge invariance condition that 

STr{er^-^^^*^r^'^7/;[X^ X^ , X-"^^]D^,X^ D^X^^} =0 , (B.47) 

STr{er"^^*^r^'^7/;[X^ X^, X^-f^^jD^X^^D^X^} =0 . (B.48) 

Consequently aU the F^^^F'"' terms are zero. 

B.3.4 F(5) terms 
The F(5) terms are 

STr{ + z (-|f) er^^^^^^i?^^X^-'^X^*^^I?^X^ 

+ i (-3f) eF^'^™V[^^^^^■^^'^]^™^p^'^ 

+ * (-i,/8 + ^g) e^^^™^i?^x^[x^x•^i?^x^]x 



LMN 



+ i 



1/g _ |fj eF"™V[^',^^^^^'^]^™^p^'^ 
* (-ih) eF™*^[X^,X^,^]X"*^I?^X^i?^X^ 
z (+ih) eF"™^[X^,X^,X^^*^]I?^X^Z?^X^ 

K vLMN 



«V ■ 4 



i/s) eF^^™7^i?^X^i?^X^[X^X^,X^*^^]} . (B.49) 
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Once again the identities (4.25) and (4.26) simplify matters because 

-f f STr{er"™i?'^V^^''^X^^^^i?^X^} = 0, 

+i (-i/s + ig)STr{er™*Vi?^X^[X^X'^i?^X^]X^*^^} = 0, 



-^hSTi{€r"^^^'[X^,X^ ,ij]X"^''D''X'^ Df,X^} = 0, 



+ lfsSTT{er"''^^^'[X^ ,X-^ ,tP]D^'X'^ Df.X^X^'^'^} = 0. 



B.50) 
B.51) 
B.52) 
B.53) 
B.54) 
B.55) 



In particular we see that any multiple of STr{eT"^^^ [X^ , X-^ ,^PD^'X'^ Df,X'^]X^'^^} is zero. 
In addition the fundamental identity tells us 

+ |hSTr{er"™^[X^,X^,X^^*^]I?^X^i?^X^} 

= -^hSTT{er"^^'^'^P[X' ,X^ ,X^^'^]Df'X^ Df.X'^} . (B.56) 



Hence, we are left with 



Ifs - ^h) er^'^^^*V7^^X^i^^X^'[X^X^,X^*^^]} , (B.57) 



which vanishes because of gauge invariance. 

B.3. 5 r(3)r'"' terms 
The r'-^^Tf" terms are 



ILM 



STr{ + t (-|/4 - |si +k) €T"^rt"'[X^,X^',^P]D^X-^D^X^X 

+ I (+I/4 - |si + 5k) eT"^Tt"'ib[X^,X^^,D,,X'^D,X^]X^^^^ 
+ i(+y4)eT^-'^r''''i;D^X-^D^X'^[X^,X^\x'^'^^] 



t (^+3/4 + y + nj er^-^^r^'^ix^, X^^, VID^X^D^X^X"^ 

z (-3/4 + n) eT"^T'"'^jj[X^,X'^',D^X^D^X'^']X'-^^ 
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+ + 3^/6 - ii- ij) IT"^T^^[X^,X^',^]D,X^D,X^^^X'-^^ 

+ ^ (+i/4 - - 199) IT"''T^^'^4,[X\X'',D^X^D,X'']X'''^ 

+ * (+I/4 - + gi - if) eT'''^T'^-^i^D,X^D,X'nx\X^',X"'<] 

+ I (-310 - n) er"^r''''ilj[X^, D^X'^']D^X^ X"^^ , (B.58) 

where we have used 

+ {feSTT{€T"'^T'"'[X^ ,X-^ ,iP]Df,X^D^X'^^X^^'^} 

= + ^feSTT{eT"'^T^'''[X^,X^\4;]D^X^D^X^'X^'"^} , (B.59) 

-ifeSTT{er"^r'"'iP[X^ ,X-^ ,Df,X^D^X'^^]X'^^'^} 

= - ll'&TY{lT"'^T^"'^|}D^X^D^X^^[X^ ,X^\X"^]} . (B.62) 
The first block of terms in (B.58) is zero through gauge invariance if 

-I/4 - isi + k = +I/4 - \si + ik - +I/4 , (B.63) 
which is solved byk = si = +|d and = +gSi- The second block is zero if 

+3/4 + ij + n = -3/4 + n = -3/4 + ij , (B.64) 
and the third block is zero for 

+ n/e ^ ^ gj = +5/4 ^ i^/e — 5.99 ~ +1/4 — i^/e + gi — gj • (B.65) 

The second block constraints are solved when /4 — — y^j and n = —6/4 = — ^d- To solve the third 
block constraints we use the previously found value /g ~ — |d from ^£3 together with /4 = 
We then find gg = together with ~ "i^/e and i = j. The final term in (B.58) is zero if 
gio = -n = +\A. 
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B.3.6 r(3) terms 
The r(^) terms are 



+ i 
+ i 
+ i 
+ i 



STr{ + i (+3f + g) er^^^i^'^V^^^^X^^^D^X^ 

[-fs - 2g - 2n - 6f) er"^ip[X^, X^ , D>'X^]D^X^ X 
'-/s + 6f) eT"^^ljD^'X^[X^,X^,D^X^]X'^^^ 
'-/s + h) eT"'^i)D''X^Di,X^[X^, X^, X^^^] 

Vi/g - h) eT"^'il)[X^ ,X'^,Di'X^]D^X'^X 



+ 1 
+ i 
+ i 



JLM 



-M vJKM 



i/s -h) er^-^^ipDi'X^[X',X^,D^X'^]X 



JKM 



-3gi2 - 3f - g) er"^i/>[X^ X'', DfX^]D^X'^X 



M vKLM 



+ i 

+ i 

+ i i+gis) er"^iP[X^, X^, Df'X'^jD^X^X^'^^ 

+ i{-yr) er"''[X',X^,^]D''X^D^X^X'^''^ 

+ « (+1/7+ ff) er"''yj[X',X'^,D^X^D^X^]X-^''^ 

+ er"''i;D''X^D^X^[X',X'',X^'^'']} , 



where have used the following 



+i 



(B.66) 



(+ih + STi{eT"^ [X^ , X^ ,ij]D''X^ D^X^ X"^} 

= + i (-ih-n) STv{er^'^^[X^ ,X^,i;]D''X^ D^X^X'^^^} , (B.67) 



-igi2 STr{eT"'^i;[X^ ,X'^^ ,D''X^]Df,X'^^ X"^ 

= - 3igi2 STv{eT"^^[X^,X\ D>'X^]D^X^ X^^^} , (B.68) 

-'^hSTr{eT"^ijD^'X^D^X^ [X^ ,X^\ X'''^]} 

= + ih STT{eT"^tPD>'X^Di,X^[X^, X^,X-'^^]} , (B.69) 

+ih STr{eT^'^^i)[X^,X^, D^X^jX"^ Di^X^ 
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= - 2ihSTT{er"'^^[X^ , , D^'X^]D^X^' X''^'^'} , (B.70) 

+3ifSTi:{eT^'^^ij[X^,X^^,D''X^]D^X^''X''^^ 

= - 6i{STr{eT^''^i;[X^ , X^ , D^'X^]Df,X^^ X'^^^^} , (B.71) 

+iSTT{eT"^iP[X', X^, D''X^]D^X^^X-'^'^^} 

= - iSTrieT^^i^Df'X^iX^ , X^ , D^X^^]X'^^^^} (B.72) 



and 



-I 



+ ffrSTT{eT"'^'tPD''X^'Df,X^^[X^,X^,X-^^^]} =0, (B.73) 



-i/g + I er"'^i:D^'X^D^X'^'[X',X^,X-^^'^'] =0 . (B.74) 



We know the values of all the coefficients appearing in (B.66) from our work in previous sections. 
With these values we see that the T^^^ terms are zero by the gauge invariance condition. 

B.3.7 r(i)r'''^ terms 
The ^''^)T^"' terms are 

STr| +i (-i/e - 3c) ir'r'"'[X' ,X\tlj]Df,X^ D^X^X-^^^ 

+ z (+i/6 - 2/io - n) er'r'^-'^[X',X-',D^X''D,X'^]X'"''^ 

+ * (+5/6 + ii) er^r^'^^i^^x^A.^^i^',^-',^^'^'^] 

+ i(^+j-2nj lT^T^"'[X\X^,^P]Df,X^D^X^X^■^^ 

+ i (+2/10 + .gii + 2n) er^r^'^Vi^^, , i?^X^]Z?,X^X"^ 

+ i (+k + i) eT^Tt"'[X^ , X^ ,^P]D^X^ D^X'^ X'^^^ 

+ i (-/lo - i) eT^T''''xl:[X^ , X^ , Df,X^]D^X'^ X'^^^ 

+ i (+6/9 + k) eT'T'"'xl:D^X^[X'^, X^ , D^X'^]X^'^^ 

+ i (-/lo + k) eT'T^"'ilj[X'^ ,X^ ,D^,X-']D^X-^ X''^^ 

+ i {+\h) eT'T'"'Df,i:D^X'X''^^X-"^^ 
+ 1 (+5/9) eT'T^'''i:D^,{D^X')X-^'^^X-^^^ 
+ 1 (+1/9) eT'T^''^PD,X'D^{X'''^^X^^^) 

+ i (+5/10) eT^T'^'D^ipD^X-^X-^^^X^^^ 
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+ i (+5/10) er^r''>i?^(i^.X'^)X'^^^x^^^ 

+ « (+5/10) er'r^''ijD,X''D^{X-"^''X''''^) 

+ * (-5/9 - Ifw - Iffis) eT'T^^-^iF^,X')X''''^xJ'''^} , (B.75) 

where we have used 

+ij STT{€r^T^"'',pD^X^D^X^^[X^' ,X-^ , X''^^]} 

= + fiSTi{eT^r'"'ijDf,X^D^X^[X^,X'\X-'^^]} , (B.76) 



+i (-2/10 - 2n) STr{er^r''''V[^^, X^ , D^X^]D^X-' X''^^} 

= + i (-2/10 - 2n) STr{er^r'^''V[^^, X^ , D^X^]D^X ' X^'^^} 

+ i (-/lo - n) STr{er^r^>[X^ X-\ , (B.77) 

and 

STr{er^r'^XF^^X^)X^-^^X^^^} = iSTr{er^r^XF^^X^)X^-^^X'^^^} . (B.78) 

The terms in (B.75) are invariant (up to total derivatives) if 

- i/6 - 3c - +i/6 - 2/10 - n = +i/6 + ij , (B.79) 

= +j - 2n = +2/10 + 511 + 2n , (B.80) 

= +k + i = -/lo - i = +6/9 + k , (B.81) 

= -/io+k, (B.82) 

= -i/9-i/io- 5.915. (B.83) 
We have previously found values for /e, c, j, k and n. Using these values here gives 

i = -k=-id, (B.84) 

/io= + k = +id, (B.85) 

/9--i/io = -i^d, (B.86) 

ffii = 0, (B.87) 
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515 = — /g — g/10 = — jo^ ■ 



(B.88) 



B.3.8 r(^) terms 

The r*^^^ terms are 

STr{ + i 
+ i 

+ i 

+ i 
+ i 

+ i 
+ i 

+ i 

+ i 
+ i 



JKL 



-I/7- ^S4 + 6e + k) eT^lX-' ,X^,i)]D^'X^D^X^X 
+ 1/7 - \si - §f + ig+ ik) eT'i,[X',X'',D^^X'^D^X'^]X 
+ I/7) eT^^D^'X^D^X^[X■^ ,X^ ,X"^] 

-\h - + 2d - k + i) er^[X-^,X^, ^]D^'X'D^X''X 
+ \h - 5S3 - i) eT'i,[X',X'',D^'X']D^X'^X''''^ 

+ \h - 5S3 - i) eV'i^D^'X'lX', X^, 
+ eT'ipD''X'D^X^[X^,X^,X'^^^] 

-/s + 4d - h + 2n) eF^fX"^, X^, iIj]D''X'^ D^X^X 

-h + ,914) eT'^;[X'', X^, D'^X^ID^X^X"^ 



+/8 + 6f - 2g + 2nj er^V-DM^^I^''' 

+/8 + h) iT^iiD'^X^D^X^lX-' , X^, X"^] 



+ * (-5/10 - sii + 2d) er^Z?^^X^-^^X-^^^D^X^ 
+ i (+i/io - fill - g) eT'^D^^{X''''^)X"''D^X'^ 
+ i (+5/10 - sii - g) er'i,X''''^D'^{X"'')D^X^ 

+ i (+5/10) erV^-^'^^^"-^£>''(£>^x^) 

+ i (-i/g - sio + 2e + f) tV^Di^'tpX-'^^X-^^^D^X' 



Therefore for invariance we require 



- I/7 - is4 + 6e + k = +I/7 - |s4 - |f + ig + ik = +I/7 , 

- i/s- 5S3 + 2d-k + i = +i/8- is3-i = +i/8, 

/s + 4d - h + 2n = +/§ + 514 = +/8 + 6f - 2g + 2n = +/8 + h, 



(B.89) 



(B.90) 

(B.91) 
(B.92) 
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- \fw - sii + 2d = +i/io - sii - g = +i/io , (B.93) 

- 5/9 - ''^10 + 2e + f = +i/9 - sio + if - ik + ii = +i/9 . (B.94) 

Using the values we have previously found for fi, /s, S3, S4, 314, f , g, h, k, 1 and n we can solve the 
equations above to find 

d = +d, e = -gd, sio = -j^d, sn^+^d, /g^-j^d, fio^+^d. (B.95) 
B.4 One Derivative Terms - 5Ci 

The terms from (B.2) and (B.3) which contain a single derivative are 
STr{ - igi5er'rf,ipX-'^^X-''^^[X' ,X^^ , D'^X'^^] 

- ^sseV'^^'r^^ li^D^X'xJ'^^', X0,XP]X'''P 

- ^sgeT^'T^'[ijD^X''x'''^',xO,X'']X'0'' 

+ 2zd er^r^[x^, X^, iP]Df'X^X'-^^X^'^^ 
+ 2teer^rf,[X^,X^,iP]D''X^X'''^X"'^ 

- ikeT^o^r^^r^vi^"^, ^'^°'']^"^'^'''^'^ 
-iper^r"r^V^[x^,x^,i?^x^]x^'^*^x^^^^} . (B.96) 
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Once expanded, the r-matrices have the following structure: 

p(5)p/j ^ plsjpM ^ _ (B.97) 

As before, we will deal with these in turn. 
B.4.1 r^s^P' terms 

The terms with five transverse F-matrix indices are 



|n) er"™r^V[^'^,^°,^^^'^]^''^'^^'^*'°} • (B.98) 



We note that terms which contain y^'^^^^ X^^^X^^^^ or y"^^^'' X"^ X^^^'=' are zero because 
of Eq. (4.26) and so we are left with 

STr{ + I (-i,S5 + ik) eT"™r^^[X^,xO,X-'^^]i?^X^X^^^^O 

Taking 55 = +ik = +gd removes the first term. The second term is identically zero as we will 
now show. As terms with y^'^^^^^ X^'^^ X^^^'^ are zero we have by gauge invariance 

= + STr{er"™r^[X^, AO,V']i^A'X^X^'^^X^*^o} 
+ STr{eT"™r^^[A^,xO,i?''X^]X"^X^*^o} 
+ STr{eT"™r^^i?^X^[X^,xO,X^'^^']A^^^o} 
+ STr{er"™r^^i?^X^X^'^^[X^,xO,X^*^0]} (B.lOO) 

= + STr{eT"™r^^i?'^X^[X^,xO,X^'^^]X^*^o} 

+ STr{er"™r^^i?'^X^X"^[X^,xO,X^*^0]} . (B.lOl) 

However, using the fundamental identity we can show that 

+STr { eT"^^*^ T^^i^^X^X^'^^ [X^ , , } 
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= -2STr{er™*^r^^i^^X^X^'^^[X^,xO,X™]} . (B.102) 
For the other term we use the fundamental identity and then Eq. (4.10) to get 

= + 3STr|er"^^^^r,,i/^i?^X^[X^X'^X^'^0]X^*^o} (B.103) 
= + STr{er^'™^r^^i^^X^[X^,xO,X*^^0]X^'^^"} . (B.104) 

Hence we see that (B.lOl) is 

= + STr{eT"™r^^i^^X^[X^,xO,X*^^0]X^'^^} 

- 2STr{er"™r^i^i5^X^X^'^^[X^,xO,X*^^0]} (B.105) 

= - STr{er^^™r^^i^^X^[X^,xO,X*^^0]X^'^^^'} (B.106) 

= - STr{er^^™r^^i^''X^[X^,XO,X"^]X^^^o} . (B.107) 

Therefore 

STr{ + |ner"^^*^r''V[^'^,^°,^^^'^]i^M^'^^''*'°} = «• (B-108) 
B.4.2 r(3)r^ terms 

The terms with three transverse F-matrix indices are 

STr{ + ^ (+i/ii) eT"''r^^D^i:X'^^'^X'^''^X''"' 

+ I (-3/11) eF^'^^F^VX^^^X^*^^[X*^ X^, Z?^X^] 

+ eF"^F'^[X^X•^V]i?M^'^^™^™ 
+ * (+3/9 - 3/11) eF^'^^F^V4^', X'\ 
+ ^ (+ i/g) eF^-'^F^V^p^'^I^', X-^, 

+ ^ (-i/10) eF^-'^F^iX^X'^^li^^X^X^^^^X^^'^^ 

+ ^ eF^-^^F^V-i-Y^^^^M^^]^^*'"^^™ 
+ ^ (+1/^0) eF^'^^F^^I?^X^[X^X•^X™]X^*^^ 
+ ^ (+1/^0) eF^-^^F^V^^X^X^A^^iX^X^X^*^^] 
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^ - 



(B.109) 



where we have discarded terms with the coefScients Sq, S7 and Sg which are zero. Using Eq. (4.25) 
and Eq. (4.26) we can rewrite several of the terms to find 



-LMN 



STr{ + i (+i/ii) eT"''Tf'D,,ijX'''''x'^^'^X' 

+ i (+1/^^) eT'-"'T^'i,D^iX'-"')X'^^'^X''^'^ 

+ i (+1/^^) ^Y'JKj.f.^j^LJKj^^^j^LMNj^LMN^ 



+ i 

+ i 
+ i 

+ i 
+ i 
+ i 
+ i 



_i/g + ik + ipj er^^^r'^[x^x^>]i?^x^'x™x™ 
+5./9 - 3/11 - |p) er^'^^r^vi^',^'',^^^'^]^^''''^^'^*''^ 

+ i/g + _:^k) eT"''T^'i;D^X''[X',X-',X'^"^X'^''''] 



i/io - 18/11) er^^^r^^[x^x^,i^^x^]x™x^*'^^ 
-3/10) er^'^^r^v^M^^[^', 



+ i (+n) er^'^^r^^I?^X^[X^, ^/JWj^KMJvj ^ 



(B.llO) 



The fundamental identity can be used to show 



(B.lll) 
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With the knowledge that n = — k, the final two terms in (B.llO) combine with one of the fio terms 
to leave 

STr{ + i er^^r'^i^^V^X^'^^X^^^^X^*^^ 



+ i 
+ i 



+ i 
+ i 



+3/10 - 18/11) er^^^'r^^[x^x^i?^x^]x™x^*'^^ 



The /ii terms form a total derivative. The remaining blocks of terms vanish when 

- 3/9 + Ik + ip = +i/9 - 3/n - ip = +i/9 + j^k , 

^ 3/10 ^ 5k — il = +3/10 — I8/11 = +3/10 ^ ik = +3/10 + • 
From these equations we find /n = +;5|jk = +^^£1 and p = — ijk = —3d. 

B.4.3 r(i)r'' terms 

The terms with a single transverse F-matrix index are 



STr< 



+ i 

+ i 
+ i 
+ i 
+ i 



+ i/9 - 2e) eF^F'^[X^X^, V]L>^X^X^^*^X^^^^ 
-i/g - .gi5) e-F^F,,V^[X^X•^i?^X^]X™X™ 
-i/g) eF^F^V^M^^[^^ ^'^ 

-i/10 + 2d) eF^F^[X^X^>]Z3^X'^X'^-^*^X^^*^ 

+ i/io) er^r^'/'[^^ 

+ I/10) eF^F^7/^i?,,X'^[X^ X^, 



(B.112) 



(B.113) 
(B.114) 
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B.4 One Derivative Terms - SCi 



+ i (+is9 + 2p) er^r^V[^^, X^,Df,X^]X^''^^X^^'^' 

+ z (+is9 + k) ir'r^^D^x-'[x'',x'^,x'-"']x''''^' 

+ i i-n) er^r^[X'^ X^,^j]Df,X^X'^'^''X^^'^'^ 
+ I (-n) er^r^'^jD^X''[X-' ,X^ ,X^^^']X^^'^^} . 

The [X, X, terms are not independent. They are related by 



(B.115) 



(B.116) 



= + 3r^r^[x^, x^,ij]D^X'^x^'^^^x^^^^ (b.u?) 



3er^r^[X-^ X^, il;]D^,X''x'^^'X^^^^^ . (B.118) 



We can similarly show 



+fT'T^'i;D^,X■^[X' ,X'\X^^^']X'^^^^ = + ■ieT'T^''^lJD^X■'[X'^ ,X^,X''^^^]X^^^^ (B.119) 



ZeV^V''il)D^,X-'[X-\ X^, 



(B.120) 



Using these results we can write the terms in Eq. (B.115) as 



STr{ + ^ (+i/9 + i/i„ + i.g - |d - 2e + |k + in - |p) er'r^[X', X', 



+ i 



4/9 - 515) er'r^^x', x-\ D^^x-']x''^^'x 



KLM 



"2/9+12*9 I 6 ' 6 ' 



4/10) er^r'^v^p^'^[^', ^^'^'*']^'^^*' 

-isg + 2p) eT'V^^[X^ ,X^ ,D^X'^\X'''^' X''^^'^ 



(B.121) 



We have previously found values for all the coefficients appearing above. Using this data we see the 
final term disappears because its coefficient is zero and the remaining two blocks of terms vanish 
through the gauge invariance condition. 
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B.5 Zero Derivative Terms - SCn 



B.5 Zero Derivative Terms - SCq 

The terms from (B.2) and (B.3) which contain no covariant derivatives are 
STr{ - fsioer^[X'3,X^,V^X-^^^X^^^]X^Q^ 

+ 12zf eT^ [V^, 

<p,-r^'Qflr"^[X^,X^,X^'3«]X^''*^X™} . (B.122) 



We deal separately with the r^^\ r^^^f and F^^^^ terms which result from expanding out the F- 
matrices below. 

B.5.1 F(5) terms 

The terms with five F-matrix indices are 



STr| + i 

+ i 
+ i 

+ i 

+ i 



;p) e-F"™^[X^,xO,X"^]X^*^^X^o^} . (B.123) 

Using the fundamental identity and antisymmetry in the F-matrix indices we can show that 

STr{eF"^^*V[^^ X\ = . (B.124) 

Applying Eq. (4.10) with the indices /1/2 — I J and J1J2J3 — KLM we find 

STrle-F^^iX^X'^V-jX^X^OP^^^O^} = 0. (B.125) 

When we combine these two expressions with the gauge invariance condition in Eq. (4.5) we con- 
clude 

STr{e-F^^^^*V^^'^^''' [X' , X^ , = , (B.126) 
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B.5 Zero Derivative Terms - SCq 



and hence all the /n terms are zero. 

Focusing now on the p terms. We find 

STr{eT"^^*^ [X^, , i;]X"'' X^^'^ X'^'^P} = , (B.127) 

after applying Eq. (4.10). We can also show 

(B.128) 

=0, (B.129) 

STr{er^-^^^^V^^^^X^^^[X^, X^, X^^^]} -0 . (B.130) 

Therefore the T^^) terms can be written as 

STr{ +2 (+ip) eT"™[X^,xO>]X"^X^*^^X^o^ 
+ 1 (+ip) eT™^V[X^,xO,X^'^^]X^*^^X^OP 

+ I (+ip) eT"'''^''ijX"''[X^,X'',X^^'P]X^O'' 

+ z (+ip) eT"™i^X"^X^*^^[X^,xO,X^o^]} , (B.131) 
and are zero as a consequence of gauge invariance. 
B.5. 2 r(3) terms 

The terms with three F-matrix indices are 

STr{ + j (-|/n) e-F^'^^[^,X^X^]X^^^X*^^Ox*^^0 

+ z{+lf,,) e-F"^V[^^^^^■'''^]^™^™ 
+ I (+3 /n) er^-^^i^X^^^X*^^o [X^ X^X''^^"] 
+ I (+p) e-F^-^^[7^, x^ 

+ * (-p) e-F^'^^^[X^, x^^^lX^^o^^^^o} . (B.132) 

We can then show 

STr{e-F"^[X^X^,V]X^^^X*^^Ox*^^0]} =0, (B.133) 
STr{eF^^^^/;[X^X^,X-^^^]X*^^Ox*^^0} =0, (B.134) 
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B.5 Zero Derivative Terms - SCq 



STr{er"^V^'^^^[X^X^,X™]X^^^O} -0, (B.135) 
so the /ii terms are all removed as was the case in the F'^^-' subsection above. We also find 
STr{er^'^^[X^,X*^^]X^^^X™X^*^0} =0, (B.136) 
STr{e^^^^V^X^•^^X™[X^,X*^X^*^0]} =0, (B.137) 
STr{er"^V^^-^^[X^,X*^X™]X^^O} = - iSTr{eT"^V'^^^^[X^ X^, 

(B.138) 

=0. (B.139) 

Therefore the T^^) terms can be written as 



STr{ + ^ (-p) er^'^^[V^, X^, 



LMO 



+ 1 (-P) 



+ I (-p) e-^^■'^1^X^^^X™[X^,X^^ X^^^O]} , (B.140) 
and vanish because of the gauge invariance condition. 



B.5. 3 r(i) terms 

The terms with a single F-matrix index are 



STr^ +^ - isio + 12f) er^[X'^ X^, 

+ |/n) eTV[^^ X^, 

+p) eT^[X^X^,^]X'^^^X™X^^^'^ 
-isn - p) eT^^[X'^X^,X^^*'^]X^*^^X^^^ 

-isn) er^V'i^-',^'^,^'^''''^]^"*'^-''^'^} • (B.141) 

We then apply Eq. (4.9) to the two terms which contain x^^^^ X-'^^ to find 

+p) STr{er^[V',X'^,X^]X^^*'^X-^^^X™} 

= (_lsn + |p) STr{er^[VAX'^X^]X^'^^X™X^*^^}, (B.142) 
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B.5 Zero Derivative Terms - 5Cq 



and 

(B.143) 

Hence, we are left with 

SIV{ + i (-|/n - isio - \8^i + 12f + ip) eV'iX', X^, 
+ i (+i/n - isio - h^ii) eV'm', X^, 

+ i (_ ig,, _ ^) erV[^^, . (B.144) 

The last line vanishes because s\\ = — 2p = +^d- The remaining terms are then zero by the gauge 
invariance condition if 

- i/ii - - isii + 12f + ip = - isio - i^sii = ■ (B.145) 

Using previously found values this condition identifies f = +^d. 
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C Higher Derivative BLG Closure Calculations 



In this appendix we show in detail how the supersymmetries detailed in chapter 4 close on the 
scalar and gauge fields. The steps in the calculations are repeated in each of the subsections 
and are as follows; we first separate out certain terms according to their number of covariant 
derivatives and then we insert the relevant supersymmetry transformations. Next, we use the 
relation {r'',r^} = to group all worldvolume F-matrices together and then expand them out 
using the Clifford algebra relation. Following this, we perform the (1 ^ 2) antisymmetrisation in 
the supersymmetry parameters making heavy use of Eq. (A. 3). The transverse F-matrix algebra 
is performed next and our calculations have been aided by using the symbolic computer package 
Cadabra [73, 74]. Finally, we simplify the remaining expressions wherever possible using the 
identities in Eqs. (4.25) and (4.26). 

C.l Closure on the Scalar Fields 
C.l.l 3 DX terms 

Firstly we consider terms which involve three covariant derivatives. 



Tm2 {S,6'^ + 5[S2)Xi - (1 ^ 2)) 



3DX 



+ lS2{l2T■^T^'''T^T^el)DxXtD^XiD,Xi d'"'\ 
+ iS3{e2T'T^T'^ei)D).XtD^XlD^^Xi S''^ 
+ iSi{l2T'T^T'^ei)D),XtD^XiD^^Xi d'^^a 

+ z/i(e2F^F^^^F'^''^ei)i?^X/i?,Xf i^A^d d"'' 
+ if2{e2T'T''T^^e^)D^XiD,XiD-X^ d''^^ 



]hcd 



a 



a 



+ ih{^2T'T'^T^'ei)D^X^D,XiD"Xi d' 



jbcd 



a 



(14^2) 



(C.l) 



+ z(6/i - 2si - 2s2)ie2T-^''T^'''^ei)D^XiD,X'^DxX^ d' 
+ ^(2/2 + 2s2 - 2s^){e2T^'(,)D^XiD,XiD^Xi d'^'^a 
+ i{2h - 2s2 - 2si){e2V^e^)D^XlD,X-^ Xi d''^^ . 



jbcd 



a 



(C.2) 
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C.l Closure on the Scalar Fields 



C.1.2 2 DX terms 

The two covariant derivative terms are 

Tm2 {did'^+d[S2)X'^-{l^2)) 



2DX 

I' 



= - i.Si{e2T"''T''T''^^ei)X^^^D^X^D,X^ d'^^'^a 



+ is7(e2r^^^rT'^r^ei)£),Xf rf''^'^,, 
+ is8(e2r^^^rT''r^ei)£),Xf D^X/X/^^ 
+ is9{€2T^T^^V'T''ei)D^X^D^X^Xy^ d'>''\ 

+ i/4(e2r^r''™^r'''^ei)D^x/i?,xf d'^-^'a 
+ i/5(e2r^r^^^r^'^ei)i5^x/A.xf xi^'^ 

+ iUe2T'V^'V^^'e^)D^XiD,X^Xi''^ d''^^ 
+ i/7(e2r^r^^^ei)£)^X/L>''X/X^^^ 
+ i/8(e2r^r^^^ei)£>^X/D''Xf X/^^ 

- (1 o 2) (C.3) 



= + i{&U -si + 2s7)(e-2r^^^^r''''ei)2?^X/i?,Xf Xf d'^\ 

+ i (4/4 - 2S5 - 2S6 - |S2) (e2r^^^^r^^ei)I?^X,^Z?,X/xf ^'^^ d''^''^ 

+ i(2/5 + 2si + 2S8 - 6s5)(e2r^^^^r''^ei)D^X/£),Xf Xi^*^ d'''^ 

+ i{2fe + 2si + 2s9)(e2r''^ei)D^X/Z),Xf Xj-^^ rf''-<^„ 

+ i(6/7 - S4 + 2s7)(e2r-^^ei)i?^Xf ZJ'^Xf'Xi-^^ 

+ i(2/8 - 53 + 2S8 + 6s6)(e2r^^ei)D^X,^D'^X/X/^^ 

+ i{-4fs + 2s9 + 4s7)(e-2r^^ei)D^X/Z)^X,^Xi^^ d'^^^ • (C.4) 

C.1.3 1 DX terms 

The single covariant derivative terms are 

Tm2 {Si6'2 + S[S2)Xi - (1 o 2))^^^ 
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C.l Closure on the Scalar Fields 



+ i/ii(e-2r^r^*^^r^ei)i5^x/x/^^xf d^^'^, 

-(1^2) (C.5) 



= + i{'is,){e2T''^^"'T^e,)D^Xixi^^Xi''^ d'^\ 

+ ^(6.5 - 2s,){e2T'^"''''T^e,)D,Xixi^^'X^^^ d'^\ 

+ z (2.5 + \s,) {l2T^''^^T^e,)D,Xixi'^''xf^O d'^\ 

+ + s^){l2T'''^'"'T^e,)D^Xixi^^Xi'''' d"^^, 

+ z(-6,55 - 2,S8)(e-2r^^*^^r^6i)i?^X/x/^^Xf d''^'^^ 

+ i{2h - 2se - 2sio)(e2r^ei)i^^X,^X/^^X,^^^ d"^"*, 

+ i(2/io - 2s7 - 2s8 - 2sn)(e-2r^ei)i?^X/xf^^Xi^^ d'^'^a • (C.6) 

The presence of two 3-brackets in each of these terms allows us use of Eq. (4.9). As an example 
of how this helps us we take the first of the preceding terms with the choice /1/2/3 = KLJ, 
J1J2J3 = MNJ in Eq. (4.9), 

*(3s6)(e2r^^*^^r^6i)i?^x,^x/^^xi*^^d''^'', 

= +i(3s6)(e2r^^*^^r'^ei)D^X,^(Xf ^'^Xf + + X^"^'' X^""'') d^'^a (C.7) 

= -2i(3s6)(e2r^^^^^r^ei)i^^X,^X/^^X^^*^^ d'^^^ , (C.8) 
where in the last line we used antisymmetry in K L and also L -f-)- M. Thus, 

+ i{3se)ie2T^^^^^T^ei)D^X^X;!^^X'i^^^ d'^'^^a = . (C.9) 
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C.2 Closure on the Gauge Field 



In a similar fashion we can show that the rest of the terms with four transverse F-matrix indices 
vanish. Hence, we are left with 

+ i(2/io - 2s7 - 2s8 - 2sn)(e2r''ei)i?^X/xi^^X,^^^ d^^^'a ■ (C.IO) 

C.1.4 DX terms 

The terms which feature no covariant derivatives are 

Tm2 {5i5', + 5'MXi - (1 o 2))„^^ = - ls,,{e,T'TPQ^e,)X^Q^Xi^^Xi^^ d'^\ 

-(lo2) (C.ll) 

= + ^ (6/n - sio) {e,rJ''e,)XiJ^X^''^Xr'' d''\ 
- is^.il^T''^ e^)X^^''' Xi^^X'^'^ d'^'a . (C.12) 

After applying Eq. (4.25) twice to the Sn term and relabelling the transverse Lorentz indices, we 
get 

rMN^ \yLMN Y-'KL ylJK ^bcd i rJK^ \ yLMN yUK yLMN ibcd //-i -, q\ 

— lSii{e2^ eij^h ^d " a=~-^Sii{e2^ £lj^c -^b ^d "a- (.'^■ioj 

Thus, 

Tm2 {&i5'^ + 5'MXi -{1^ 2))^^^ ^ +^ (6/n - - {e^r^^ e,)Xl-^^ X^^"" X^'"" d^^\ . 



'ODX 

C.2 Closure on the Gauge Field 
C.2.1 3 DX terms 

The terms with three covariant derivatives are 



(C.14) 



TM2{{Sid'2 + 5[62)A^\ - (1 ^ 2))3^^ 

= + t9i{e2T^r'rpr'^e,)DPX^D,XjD''X^X^ rf'^^^d/^'^^ 
+ tg2ie2rT'rPT'^ei)DpX^D^XjD,X-^X'^ d'^^^df^'a 
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c.2 Closure on the Gauge Field 



+ igs{e2T''T'T>'T'^e^)DpX^D^XjD,Xlxi d'^^'^df^'a 
+ ig4e2T''TJTPr'^e,)DpX^D^X}D''X^X'^ d'^^ar^'a 
+ ig5{e2T^rJTpT'^ei)DPX^D,XjD''X'gX'^ d^f^if'^K 
+ igeie2T^.xTJTpT''ei)DPX^D''XjD^X'gX'^ rf^^»d/^*a 

+ ig7{e2r^.xr'-'''rpr'^e,)DPx^D''xlD^x^x'^ d''J'^dr'\ 

+ tgsie2TT"''rPT^ei)DpX^D^XjD''X;^X'^ d^fa^f'^^ 

+ ih{e2Tfj:'T''''^T,xpe^)D-XiD^XfDPX^Xi d^^^df'a 

+ if2{e2T^V'V''V,e^)D"XiDxXjD'^X^Xi d^f'^ar^'a 

+ ih{e2T^T'T''T,e^)D''X^DxXjD>'X'gXi d^f^af'^'a 

- (1 2) (C.15) 

= + i(2/2 - 255 - 2g^)e^,x{e2T''e^)XlDPXiD^XjDpXj d^^'^ar^'a 
+ »(2/3 - 251 + 2g^)e^,,x{e2T''e^)XlD^XlDpXjDPX'g d^^^^dF^'a 
+ i{-2g2 + 2gs - 2ge)e^xp{e2T^e,)X!^D^XlD^XjDPX^ d'^'^aF'^'a 
+ i(-2ff3 + 255 - 2gs){e2T'''e^)D^XiD,XfD''XlXi d^f^df^^'a 
+ i(-6/i + 2gr + 2gs)e-'^'i€2T"''''Tpei)X^D^Xi D^Xf DxX^ d^f^df^^'a 
+ i(2/3 - 251 - 2gs)ie2r"e,)X^D^X-^D,XfD-X^ d^f^df^'a 
+ i{2f2 - 252 + 2g^){e2T'''ei)XiD^XiD,XjD'Xf d^f^af'^'a ■ (C.16) 

C.2.2 2 DX terms 

The terms with two covariant derivatives are 
Tm2{{6i6'2 + 6[62)A^\ - (1 o 2))^^^ 

- iff4(e2r''r-^r^«^ei)xf Q^D^x^zj-'x/xi d^f^dF'^K 

- lg5{e2T^j:-'TP<^''ei)XP'^"D„XjD^XlXi d^f^df^'K 

- lg<i{l2V^..xT'TP'i"ei)XPQ"D''XjD^Xlxi d^J'^df^'K 

- y7{e2r,..xT''^rP''''e,)X[Q''D^XjD^X^Xi d^f^dr^'a 

- ig^{e2T^T'"'TP'^''ei)XP'^^D^XjD-X^Xi d^f'^df^'a 
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c.2 Closure on the Gauge Field 



+ i5i3(e2r-^^^rAr^ei)£>^Xf ^x,^ d'fSdr'"'a 

+ zgi,{e2T^T,T^e,)D>^X^D,Xfxl,''''xi d^f^^r'^ 

+ i/5(e2r^r^r^^^r,;,ei)i?''x/7?^xf x/^^^x,^ d^f^df^'a 
+ i/6(e2r^r^r^r,Aei)£''^x/£)^xf d^f^ar^'u 

+ i/7(e2r^r^r^^^ei)£>,X/£»''X/Xf ^^X,^ d^f<^df^\ 

-{1^2) (C.17) 

= + i(4/6 + - 2511 - 25i4)(e2r''ei)i?^X/Z),Xf Xg^^Xi d^^'^d/^'^'a 

+ i(2/5 - 56 + 659 - 25i2)e^.A(e2r^^ei)£)^Xf £>^X/X/^^X,^ d^f^af^^'a 
+ i(-2/6 - 257 - 45i2)£^.A(e2r"ei)D^Xf D^X^^X/^^Xi d^f^dr^^K 

+ i(+4/5 + 457 - 4510 + 25n)£^,A(e2r^^ei)D^X/D^X^Xg^''^Xi d'^'^dF^'a 

+ i(2/8)(e2r^r"^^ei)i?''X/i?,Xf Xf ^^Xi d^fOdf^^ 

+ i{2g<, - \g,){e2T^T'''^''e^)D^XiD,Xjxf^^'xid^i'<'dr^\ 

+ i(-2/5 - 58)(e2r'^r^-^^^ei)£».Xf £>^X/Xf ^^Xj d^^^d/^^^ 

+ i(-4/4)(e2r.r-^^^^ei)£»''X,^£)^X/Xf ^^X,^ d^^^df^^'a 

+ i(-iff3 - 259)(e2r''r-^™ei)i?,Xf D^X/xf ^*^Xf rf^^^d^ 

+ i(2/5 + 58)(e2r''r^''^^ei)D'^X/i)^Xf xf ^^xi d'f^dr'^'a 

+ i(4/4)(e2r,r-^^^^ei)£)''X/£)^X^Xf ^^X,^ d'^^af^^^ 

+ ii-y^ + 25i2)(e2r'^r-^^^^ei)£>.X/£>^X}Xf ^^X,^ rf^^^^r^a 

+ i(12/4 - 58 - 2510 - 25i3)(e2r'^r''^^^ei)D^X/l?,Xf Xf ^X,^ d^^'^dr'^ 

+ i{2fr - i5i)(e2r^r"^^ei)£>,Xf £)-Xf X/^^X,^ rf^^^d/'^''^ 

+ i{-lg2){e2T^T"^'^e,)D,XfD^XfX^^^X'^ d'f^dF^K 

+ z(2/4 - i57)(e2r^.Ar"^^^^ei)D''X/i?^Xf Xg^^^Xi d'^^'^d/^'^^. (C.18) 
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C.2 Closure on the Gauge Field 



Applying Eq. (4.26) to these terms we find that the last three lines are identically zero and several 
of the other terms combine. Ultimately we are left with 



>2DX 



= + i{Afe + 2gs - 2gn - 2gu){e2T'' ei)XiD^,Xi D,Xf X^"' d'^^dr^'a 

+ i{2h + 2/6 - 56 + 2.g7 + 659)e^,A(e2r^^ei)X,^i?''Xf d^^^dr^'a 

+ «(4/5 + - 4510 + 2gii)e^,x{e2T'''^ei)X'^D''X^D^Xfxy'' d^f^^rdt^ 

+ i{2h + 55 - Qg^){l2T^j:'''''^e^)XlD-XiD,Xfxf^^' d^f^^rdt^ 

+ *(12/4 - 2/5 + 53 - .98 + 6g9){e2rT"'^^'e,)X'^D,X''D,,XfX^^'' d^^^d/^^'a 

+ z(-12/4 + 2/5 + 54 + .98 - 65i2)(e2r'T^^^^ei)Xf i?,X/i?^Xf d^f^^r'^'a 

+ i{l2U - 58 - 2510 - 25i3)(e-2r''r^^^*^ei)X,^i?^X/Z?,Xf d^f^^rdb^ 

(C.19) 

C.2.3 1 DX terms 

The terms with a single covariant derivative are 
Tm2{{5i5'2 + 5'MA^\. - (1 o 2))^^^ 

= - |59(e-2r,.r^^^^r^'?«e0^r'^^^''4^f ^*'^c' d^''dr'\ 

- lg,,{e,T,^T'^''TP^^,,)X^Q^D'^Xjxl^^'xi d^f^,r'\ 

- lg,M'^,.T^'TP'^^e,)X^'^^D^Xjxy''xl d^f^,r^\ 

- |5i2(e-2r^^*^r^e«ei)^f '^^^.^^f ^''^c' d'^^^.r''^ 

- |5l3(e-2r^^*^r^Q«ei)^r'^^^M^/^f ^c' d'^f^df^'a 

- |5i4(e-2r^^r^Q«e0^r«^^.^/^,'"*'^f d'^f^.r''^ 
+ *5i5(e2r^r^r,r^ei)i?''xf x/^^x/^^xf d'^f'^j^'^'a 

+ ih{l2T^j:'T-'T,e^)D-Xixf'^^'X^'^^'xi d^f^df'a 

+ i/io(e2r^r^r^^r,ei)i^'^x/x/^^xf d^fa^f-db^ 

- (1 o 2) (C.20) 



= + i{2h + 259 - 2g,,){l2T^e^)e^,xD''Xixf'^X''g''^Xi d^f^J^^^ 
+ z(2Ao + 2g,o)ie2T-e,)e^,^D^X;;xj'''^X'/^X'^ d^f<^ar''\ 
+ i{2h - 2g^,){l2T''e,)D^Xixf'^^'xf'^^'xi d-fa,ir''\ 
+ z(-25i3)(e-2r^*'ei)i^^Xf Xj-^^X/^^Xi d'^^^rdb^ 
+ z(-5i4)(e-2r^*^ei)i?^X/x;^^Xf d'^f^,r''\ 
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C.2 Closure on the Gauge Field 



+ *(45i3)(e2r^^ei)i?^Xf d'^^'a^f-^^ 

+ i{-2g,,)(l,r'^^'^V^,e,)D'^Xixl''''xf^''xl d^f^,r'\ 

I 1„ \/- -rKLMN-r ^ \ riu yJ yUK vLMN yI ^f^lg fcdb 

+ H~35iiJ(,e2i i- X^X^ X^d-'^dl a 

+ H-5l0)(e2i 1^ X^ Xj: Xg X^a-"'dJ a 

I -V 1„ \f- -rJKLMNO^ yO vUK yLMN yI ^<^f9 fcdb fr<OT\ 

+ «(^35i3j(e2i £i)UfiX^ Xf Xg X^d'^dJ a- (^-^1) 

The presence of two 3-brackets means we can use both Eq. (4.25) and Eq. (4.26) here. Using 
Eq. (4.25) we can show that the terms with four or more transverse F-matrix indices are ah iden- 
ticahy zero. After using Eq. (4.26) on the remaining terms we are left with 

Tm2 [Sid'^A^K, + 5[S2A^\)iDX -(1^2) 

= + z{2h + i/io + 239 + §510 - 2gi5)(e-2r''ei)e^,Ai?^Xf ^/'"^^/'"'^^i d^^^dr^'a 
+ ^(2/9 - iffia - 2g,,){e2T"e,)D,X'^Xf^^'X^^^'xi d^f^df^'a 
+ ^(2/lo + 2gi3 - gii){e2T''^U^)D^Xi X^" X^"^^' X^ d'^^df'a ■ (C.22) 

C.2.4 DX terms 

The terms with feature no covariant derivatives are 

Tm2((M^ + <^i<52) Va - (1 O 2))„^^ 

= - |5i5(£-2r,r^r^'3«ei)xf Q^x/^^x/^^x,^ d^f^^d^'a 

+ ^h,{l,T,T^T^^Pe,)Xi^^Xf^X^OPxi d^^^d^'a 

-(1^2) (C.23) 

I oYOf 1^ r -nUKL^ \yJKL yMNO yMNO yI ^efn fcdb In OA\ 

= + H2/i1 - 35'15)(e2i pi ^l)^e X^d'^dl a- (^-24) 

Using Eq. (4.26) with J1J2J3 — JKL and then exploiting the antisymmetry in IJKL shows that 
the above term is zero. 
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